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Abstract: - In this paper, using the homotopy perturbation method (HPM), the thermal stress in annular fins with rectangular and hyperbolic 

profiles with temperature-dependent thermal properties have been evaluated. The effect of thermal conductivity parameter, thermo-

geometric parameter and thermal expansion coefficient on fin temperature distribution and its thermal stress has been investigated. The 

obtained results have been validated with the results of the finite difference method (FDM) and the Adomian decomposition method (ADM) 

of previous literatures and a good agreement was observed. By studying the obtained results, it was observed that in the fin with rectangular 

profile, the highest absolute value of radial stress is occurred at X=0.32, the highest value of tangential stress is occurred at X=0, and the 

value of zero tangential stress is obtained at X=0.3838 and in the fin with hyperbolic profile, the highest absolute value of radial stress is 

occurred at x=1.64, the highest value of tangential stress is occurred at x=1 and the value of zero tangential stress is obtained at x=1.6352. 

It was also observed that the fin with a hyperbolic profile is safer than the fin with a rectangular profile due to the lower stress level. 

Keywords: Approximated analytical solution, Annular Fin, Homotopy perturbation method, Radial Stress, Tangential stress. 

 

I. INTRODUCTION 

Heat transfer is widely used in various fields of science. One of its basic applications is in the electric heat sink. 

Due to physical space limitations in electrical systems, it is necessary to use extended surfaces. The main purpose 

of using these surfaces is to increase heat transfer by increasing the side surface. As a result, the best extended 

surface is the one that provides the greatest heat transfer and the greatest temperature difference. These extended 

surfaces are called fins. It should be noted that in a suitable fin, in addition to the high heat transfer capability, 

which depends on its material and shape, it should also have the least amount of consumables so that its 

construction has the lowest cost. Therefore, an optimal mode should be found in a fin that has these conditions at 

the same time. 

In common analyzes to investigate the thermal performance of fins, simplifying assumptions are used, including 

uniform temperature distribution on the fin cross-section, constant thermophysical properties, and linear boundary 

conditions. These assumptions transform the energy governing equation the problem from a partial differential 

equation (PDE) to a linear ordinary differential equation (ODE). In this situation, the corresponding ODE has an 

analytical solution and its solution is in terms of hyperbolic or Bessel functions. If thermophysical properties 

depend on temperature, ODE becomes nonlinear problem. The homotopy perturbation method can be a prime 

candidate for solving the nonlinear ODE governing the fins problem. This method was presented by He in 1999 

[1] and expanded by He in 2000 [2]. He used this method to solve nonlinear ODE. Due to the importance and 

wide application of fins, many scientists in the field of physics, mathematics and especially engineering have done 

analytical and numerical investigation of heat transfer in fins with different profiles. Also, several researches have 

been conducted regarding the use of HPM to solve nonlinear differential equations, some of which will be briefly 

reviewed below . 

In 2002, Chiu and Chen [3] calculated the thermal stresses of a circular fin with a rectangular profile using ADM. 

They found that the highest radial stress occurs at R=1.3 and the highest tangential stress occurs at the base of the 

fin. Ganji et al. [4] solved the energy equation in 2011 to find the temperature distribution in the annular fin with 

temperature-dependent thermal conductivity by HPM. The results of their research showed that HPM, which 

provides an approximate analytical solution in the form of an infinite power series, quickly converges to the 

solution of the problem and also has high accuracy . In 2016, Roy and Mallick [5] solved the nonlinear energy 
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equation by HPM in a straight rectangular fin with thermal conductivity coefficient and radiation emission 

coefficient depending on temperature. They reported temperature distribution, fin efficiency, optimum value of 

dimensionless thermo-geometric parameters of fin. They also pointed out that HPM provides more suitable results 

than other common methods. In 2016, Mallick et al. [6] applied ADM to obtain the thermal stresses of an annular 

hyperbolic fin with variable heat conduction. They first obtained the temperature field of the fin using this method, 

then used the temperature field equation to obtain the thermal stresses. They found that the obtained results are in 

good agreement with the results in the literature. Roy and Ghosal in 2016 [7] used HPM to find the temperature 

distribution in an annular fin with temperature-dependent thermal conductivity. The results of their research 

showed that in the case of combined radiative-convective heat transfer, the dominant phenomenon in heat loss 

from the fin is convection. Also, in the case where the fin base temperature is relatively high, the phenomenon of 

radiant heat loss from the fin is comparable to convection. For net radiation conditions, the dimensionless 

parameter of the ratio of fin dimensions is a more favorable control parameter in increasing the heat transfer rate 

and fin efficiency compared to other parameters. In 2018, Oguntala et al. [8] used HPM to solve the governing 

energy equation of a heat sink with inclined porous fin and vertical porous fin. The main goal of their research 

was to study the thermal characteristics of the heat sink equipped with inclined porous fins. The results of their 

research showed that the heat sink with inclined porous fin has a higher thermal performance compared to the 

heat sink with vertical porous fin in the condition of equal dimensions. In 2020, Majhi and Kundu [9] obtained 

the temperature distribution of a circular fin disk with the help of the Frobenius series. They investigated the 

performance of the fin for a wide range of different geometric and thermal parameters. The results of their research 

showed that the maximum performance of fin for a specific value of the thermo-geometric parameter is achieved 

in the presence of internal heat generation. In 2020, Yontar et al. [10] used the method of complementary functions 

to calculate the temperature distribution, heat transfer rate, and efficiency of an annular fin made of functionally 

graded materials. They observed that these fins provide good thermal performance in environments with low 

convective heat transfer coefficient and high thermal conductivity rating parameter . In 2020, Irandegani et al. [11] 

used HPM to analyze the thermal performance of radiative-convective longitudinal fins with rectangular, 

trapezoidal, and concave parabolic profiles. The results obtained in their research showed that HPM as a powerful 

tool is able to solve nonlinear equations such as the energy equation of radiative-convective fins with appropriate 

accuracy and speed. They also found that the concave parabolic fin has the highest heat transfer rate, efficiency 

and effectiveness compared to two rectangular and trapezoidal fins. He and El-Dib in 2021 [12] applied HPM to 

solve the Duffing equation with linear damping. They compared the obtained results with the numerical solution 

and observed a good agreement between the results of the two methods. The solution method used in this research 

can be used as a template for solving various nonlinear oscillators. In 2021, He et al. [13] applied HPM to solve 

the fractional Toda oscillator. They compared the obtained analytical solution with the numerical solution and 

observed a good agreement. In 2022, Sowmya et al [14] calculated the thermal stress and temperature distribution 

of a ring fin with thermal properties and variable magnetic field depending on temperature using DTM-Pade. The 

results obtained in this research showed that increasing the heat production parameter leads to strengthening the 

temperature distribution, but with the increase in the magnitude of the thermo-geometric parameter and the 

magnetic field parameter, the thermal distribution through the fin decreases. Fallah Najafabadi et al. in 2023 [15], 

using Range-Kutta numerical method, the kinetic behavior and temperature distribution of a Maxwell fluid with 

convection from above, which is on an expanding plate in a three-dimensional environment Next, they analyzed 

the rotation. They also converted the governing PDEs into ODEs and solved them using HPM. They observed 

that the results obtained from the two methods are in good agreement. The results of their research showed that 

the depth of the boundary layer depends on the rotation coefficient, so as the rotation coefficient increases, the 

thickness of the boundary layer decreases, so the velocity of the non-Newtonian fluid decreases in all directions. 

In 2024, Irandegani et al. [16] used HPM to analyze the thermal performance of radiative-convective moving 

longitudinal fins with trapezoidal, concave and convex parabolic profiles. The results obtained in their research 

showed that the convex fin produces a higher dimensionless temperature of the tip of the fin compared to the 

trapezoidal and concave parabolic fins, the concave parabolic fin is more efficient than the two trapezoidal and 

convex fins and also has mass It is also less, which makes it economically viable. They also found that increasing 

the Peclet number increases the dimensionless temperature and efficiency of the fin. 

In this paper, the effect of thermal conductivity parameter, thermo-geometric parameter and thermal expansion 

coefficient on temperature distribution and thermal stress of annular fin with rectangular profile and annular fin 
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with hyperbolic profile with temperature-dependent thermal conductivity have been calculated. At first, by writing 

the energy balance for the differential element of the mentioned fins, the governing equations of two problems 

have been obtained, then by solving these nonlinear equations, the temperature distribution function has been 

calculated using HPM. Finally, using the classical theory of elasticity, thermal stresses have been calculated. The 

obtained results are validated with the results of FDM and ADM available in the sources. 

II. HOMOTOPY PERTURBATION METHOD 

To explain the basic concept of the homotopy perturbation method, the following nonlinear ordinary differential 

equation is considered [1]: 

 (1) 𝐴∗(𝑢) − 𝑓(𝑟) = 0,    𝑟𝜖Ω 

And the boundary conditions of the mentioned equation are defined as follows: 

(2) 𝐵∗ (𝑢,
𝜕𝑢

𝜕𝑋
) = 0, 𝑟𝜖Γ 

so that 𝐴∗(𝑢), 𝐵∗, 𝑓(𝑟), and 𝑟 are, respectively, the differential operator, boundary operator, definite analytic 

function, and a member of the domain Ω. The operator 𝐴∗(𝑢) can be broken down into linear 𝐿∗(𝑢) and nonlinear 

𝑁∗(𝑢) parts. Therefore, Eq. 1 can be rewritten as follows: 

(3) 𝐿∗(𝑢) + 𝑁∗(𝑢) − 𝑓(𝑟) = 0. 

To use the HPM, the homotopy 𝜃(𝑟, 𝑝): Ω × [0, 1] → 𝑅 was defined to satisfy the following relation: 

(4) 𝐻(𝜃, 𝑝) = (1 − 𝑝)[𝐿∗(𝜃) − 𝐿∗(𝑢0)] + 𝑝[𝐿∗(𝜃) + 𝑁∗(𝜃) − 𝑓(𝑟)] = 0. 

Equation 4 can be rewritten as follows: 

(5) 𝐻(𝜃, 𝑝) = 𝐿∗(𝜃) − 𝐿∗(𝑢0) + 𝑝𝐿∗(𝑢0) + 𝑝[𝑁∗(𝜃) − 𝑓(𝑟)] = 0, 

where 𝐿∗ =
𝑑2

𝑑𝑋2, and 𝑝𝜖[0, 1] is the homotopy parameter. Further, 𝑢0 is the initial approximation of Eq. 1 that 

satisfies the boundary conditions stated in Eq. 2. Using on Eqs. 4 and 5, we can write: 

(6) 𝐻(𝜃, 0) = [𝐿∗(𝜃) − 𝐿∗(𝑢0)] = 0, 

(7) 𝐻(𝜃, 1) = [𝐿∗(𝜃) + 𝑁∗(𝜃) − 𝑓(𝑟)] = 0. 

Therefore, when 𝑝 = 0, the Eqs. 4 or 5 becomes a linear equation, and when 𝑝 = 1, the original nonlinear equation 

is obtained. It is assumed that the solution of Eqs. 4 and 5 can be written as a power series of 𝑝 in the following 

form: 

(8) 𝜃 = 𝜃0 + 𝑝𝜃1 + 𝑝2𝜃2 + 𝑝3𝜃3 + 𝑝4𝜃4 + ⋯. 

By substituting 𝑝 = 1 in Eq. 8, the approximate solution of Eq. 1 is obtained as follows: 

(9) 𝑢 = lim
𝑝→1

𝜃 = 𝜃0 + 𝜃1 + 𝜃2 + 𝜃3 + 𝜃4 + ⋯ 

 

Governing equations of the annular fin with rectangular profile 

In Fig. 1, an axisymmetric thin annular fin with a rectangular profile made of a homogeneous isotropic material 

with base radius 𝑟𝑖, tip radius 𝑟𝑜 and uniform thickness 𝑡 is shown.  
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Figure 1. Annular fin with base radius 𝑟𝑖, tip radius 𝑟𝑜 and thickness 𝑡. 

Heat from the base of the fin enters the fin from the body at a temperature of 𝑇𝑏  and is transferred from the side 

surface of the fin by convection to the environment with a temperature of 𝑇𝑎. The fin tip is insulated and its surface 

is assumed to be tension free. The thermal conductivity coefficient of the fin (𝑘(𝑇)) depends on the temperature 

and the convective heat transfer coefficient (ℎ) is assumed to be constant. The temperature distribution inside the 

fin occurs only in the radial direction. The stress along the axis is negligible and Poisson's ratio and modulus of 

elasticity are assumed to be unchanged in the used temperature range. The thickness of the fin is much smaller 

than the radius of the fin [𝑡 << (𝑟𝑜 − 𝑟𝑖)] and the heat flow in the axial direction is neglected. The axially 

symmetric nature of the problem (symmetric about the 𝑧 axis) makes this problem independent of the tangential 

direction of 𝜃. Therefore, this problem is a one-dimensional heat transfer problem along the radius 𝑟 [17]. Figure 

2 shows a differential element of the length of the annular fin along with the rates of different input and output 

energies. 

 

Figure 2. Differential element of the length of the annular fin. 

In Fig. 2, the parameters 𝑞𝑐𝑜𝑛𝑑 , 𝑞𝑐𝑜𝑛𝑣  and 𝑡 are the conduction heat transfer rate, convective heat transfer rate and 

fin thickness, respectively. The general form of the energy balance for a control volume is as follows: 

(10) ∑ 𝐸𝑛

𝑖𝑛

− ∑ 𝐸𝑛

𝑜𝑢𝑡

=
𝑑𝐸𝑛

𝑑𝑡
, 

where ∑ 𝐸𝑛𝑖𝑛 , ∑ 𝐸𝑛𝑜𝑢𝑡 , and 
𝑑𝐸𝑛

𝑑𝑡
 are, respectively, the energy rate input the control volume, the energy output rate 

from the control volume, and the energy change rate in the control volume. By substituting different energy 

components in the energy balance equation (Eq. 10) for steady-state conditions, the following relationship is 

obtained: 

(11) 𝑞𝑐𝑜𝑛𝑑,𝑟 − 𝑞𝑐𝑜𝑛𝑑,𝑟+𝑑𝑟 − 2𝑞𝑐𝑜𝑛𝑣 = 0, 

(12) 

where: 

𝑞𝑐𝑜𝑛𝑑,𝑟+𝑑𝑟 = 𝑞𝑐𝑜𝑛𝑑,𝑟 +
𝑑𝑞𝑐𝑜𝑛𝑑,𝑟

𝑑𝑟
𝑑𝑟, 



J. Electrical Systems 20-3 (2024):4756-4778 

  4760  

(13) 𝑞𝑐𝑜𝑛𝑑,𝑟 = −𝑘(𝑇)𝑡2𝜋𝑟
𝑑𝑇

𝑑𝑟
, 

(14) 𝑞𝑐𝑜𝑛𝑣 = ℎ2𝜋𝑟𝑑𝑟(𝑇 − 𝑇𝑎). 

By substituting the Eqs. 12-14 in Eq. 11, the ODE governing temperature distribution over the annular fin with 

rectangular fin is obtained as follows [17]: 

(15) 
𝑑

𝑑𝑟
(𝑘(𝑇)𝑡𝑟

𝑑𝑇

𝑑𝑟
) = 2ℎ𝑟(𝑇 − 𝑇𝑎), 

where, ℎ is the convective heat transfer coefficient, and the heat conduction coefficient, which is a function of 

temperature, is defined as follows. 

(16) 𝑘(𝑇) = 𝑘𝑎[1 + 𝛼(𝑇 − 𝑇𝑎)], 

so that the parameter 𝑘𝑎 is the thermal conductivity at ambient temperature and the constant parameter 𝛼 is the 

measure of the change of the thermal conductivity coefficient. For the axially symmetric case, the boundary 

conditions for calculating the temperature distribution are introduced as follows [17]: 

(17) 𝑟 = 𝑟𝑖:     𝑇 = 𝑇𝑏 , 

(18) 𝑟 = 𝑟𝑜 :    
𝑑𝑇

𝑑𝑟
= 0. 

To obtain the dimensionless form of the governing equation, the dimensionless parameters have been used as 

follows [17]: 

(19) 𝜃 =
𝑇 − 𝑇𝑎

𝑇𝑏 − 𝑇𝑎

, 𝑋 =
𝑟 − 𝑟𝑖

𝑟𝑖

, 𝑅 =
𝑟𝑜

𝑟𝑖

, 𝑀 =
ℎ𝑟𝑖

2

𝑘𝑎𝑡
, 𝐴 = 𝛼(𝑇 − 𝑇𝑎). 

By applying the dimensionless parameters (Eq. 19) in the Eq. 15, the dimensionless form of the equation 

governing the temperature distribution of the corresponding fin is obtained as follows: 

(20) 
𝑑2𝜃

𝑑𝑋2
+ 𝐴 (

𝑑𝜃

𝑑𝑋
)

2

+ 𝐴𝜃
𝑑2𝜃

𝑑𝑋2
+

𝐴

1 + 𝑋
𝜃

𝑑𝜃

𝑑𝑋
+

1

1 + 𝑋

𝑑𝜃

𝑑𝑋
− 2𝑀𝜃 = 0, 

(21) 
and also the corresponding dimensionless boundary conditions are as follows: 

𝜃(0) = 1, 

(22) 
𝑑𝜃(𝑅 − 1)

𝑑𝑋
= 0. 

According to Eq. 20, temperature distribution is 𝜃 affected by fin radius (X), thermal conductivity (𝐴) and thermo-

geometric parameter (M). 

Calculation of temperature distribution of annular fin with rectangular profile by HPM 

In this part, the problem is solved with the help of HPM. Using the relation Eq.5, the Eq. 20 can be written as 

follows: 

(23) 
𝐻(𝜃, 𝑝) = 𝐿∗(𝜃) − 𝐿∗(𝑢0) + 𝑝𝐿∗(𝑢0) + 𝑝 [𝐴 (

𝑑𝜃

𝑑𝑋
)

2

+ 𝐴𝜃
𝑑2𝜃

𝑑𝑋2
+

𝐴

1 + 𝑋

𝑑𝜃

𝑑𝑋
𝜃 +

1

1 + 𝑋

𝑑𝜃

𝑑𝑋
− 2𝑀𝜃] = 0. 

By substituting 𝜃 from the Eq. 8 in the Eq. 23 and by separating the different orders of p, we will have the 

following equations: 

(24) 𝑝0 : 
𝑑2𝜃0

𝑑𝑋2
−

𝑑2𝑢0

𝑑𝑋2
= 0, 

(25) 
𝑝1 : 

𝑑2𝜃1

𝑑𝑋2
+

𝑑2𝑢0

𝑑𝑋2
= −𝐴 [(

𝑑𝜃0

𝑑𝑋
)

2

+ 𝜃0

𝑑2𝜃0

𝑑𝑋2
+

1

1 + 𝑋

𝑑𝜃0

𝑑𝑋
𝜃0] −

1

1 + 𝑋

𝑑𝜃0

𝑑𝑋
+ 2𝑀𝜃0, 
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(26) 
𝑝2 : 

𝑑2𝜃2

𝑑𝑋2
= −𝐴 [2

𝑑𝜃0

𝑑𝑋

𝑑𝜃1

𝑑𝑋
+

𝑑2𝜃1

𝑑𝑋2
𝜃0 +

𝑑2𝜃0

𝑑𝑋2
𝜃1 +

1

1 + 𝑋
(
𝑑𝜃1

𝑑𝑋
𝜃0 +

𝑑𝜃0

𝑑𝑋
𝜃1)] −

1

1 + 𝑋

𝑑𝜃1

𝑑𝑋
+ 2𝑀𝜃1. 

By substituting 𝜃 from Eq. 8 in the boundary conditions 21 and 22, we will have: 

(27) 𝜃(0) = 𝜃0(0) + 𝑝𝜃1(0) + 𝑝2𝜃2(0) + ⋯ = 1, 

by separating the different orders of 𝑝, we will have: 

(28) 𝜃0(0) = 1, 𝜃1(0) = 𝜃2(0) = ⋯ = 0, 

we also have: 

 (29) 
𝑑𝜃(𝑅 − 1)

𝑑𝑋
=

𝑑

𝑑𝑋
[𝜃0(𝑅 − 1) + 𝑝𝜃1(𝑅 − 1) + 𝑝2𝜃2(𝑅 − 1) + ⋯ ] = 0, 

by separating the different orders of 𝑝, we will have: 

(30) 
𝑑𝜃0(𝑅 − 1)

𝑑𝑋
=  

𝑑𝜃1(𝑅 − 1)

𝑑𝑋
=

𝑑𝜃2(𝑅 − 1)

𝑑𝑋
= ⋯ = 0. 

From solving the Eqs. 24-26 and using the boundary conditions (Eqs. 28 and 30) the values of 𝜃0, 𝜃1 and 𝜃2 will 

be obtained as follows: 

𝜃0 = 1,                                                                                                                                   (31) 

𝜃1 = 𝑀𝑋2 − 2𝑀(𝑅 − 1)𝑋,                                                                                                   (32) 

(33) 
𝜃2 =

1

6
𝑀 (𝑋 (12𝐴(𝑅 − 𝑋 − 2) − 6(𝑋 + 2) + 𝑀(8𝑅3 + 𝑋3 − 24𝑅2 + 4𝑋2 − 8 − 4𝑅(𝑋2 − 6)))

− 12𝑅𝑋(𝐴 + 1)𝐿𝑛𝑅 + 12𝑅(𝐴 + 1)(𝑋 + 1)𝐿𝑛(1 + 𝑋)). 

By substituting the values of 𝜃0, 𝜃1 and 𝜃2 in the Eq. 9, the dimensionless temperature distribution of  𝜃 is obtained 

as follows: 

(34) 

𝜃 = 1 + 𝑀𝑋(𝑋 − 2𝑅 + 2)

+
1

6
𝑀 (𝑋 (12𝐴(𝑅 − 𝑋 − 2) − 6(𝑋 + 2)

+ 𝑀(8𝑅3 + 𝑋3 − 24𝑅2 + 4𝑋2 − 8 − 4𝑅(𝑋2 − 6))) − 12𝑅𝑋(𝐴 + 1)𝐿𝑛𝑅

+ 12𝑅(𝐴 + 1)(𝑋 + 1)𝐿𝑛(1 + 𝑋)). 

 

Calculation of thermal stresses in annular fin with rectangular profile 

The annular fin with a rectangular profile is studied under a temperature gradient in the radial direction. Stresses 

are caused by a specific strain. Specific strain may appear as a result of phase transformation, temperature changes, 

etc. due to the presence of conduction-convective field. In the problem studied in the current research, temperature 

change in the radial direction is assumed as the only main factor in creating specific strain. Due to the fact that 

the thickness of the fin is much smaller compared to its radius, therefore the change of stress and displacement on 

the thickness has been neglected. Also, due to the axially symmetric nature of the problem, the radial and 

tangential stress it is independent of 𝜃. Therefore, the present problem is an axially symmetric plane stress 

problem. Ignoring the volumetric force and inertial force and based on the classical theory of elasticity, the stress 

balance equation in the polar coordinate system is defined as follows [18]: 

(35) 
𝑑𝜎𝑟

𝑑𝑟
+

𝜎𝑟 − 𝜎𝜃

𝑟
= 0, 

where, the parameters 𝜎𝑟 and 𝜎𝜃 are the radial and tangential components of the stress field, respectively. 

According to the classical theory of elasticity, the temperature stress-strain relationship is expressed as follows 

[19]: 
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(36) 𝜀𝑟 =
1

𝐸
[𝜎𝑟 − 𝜈𝜎𝜃] + 𝛾𝑡, 

(37) 𝜀𝜃 =
1

𝐸
[𝜎𝜃 − 𝜈𝜎𝑟] + 𝛾𝑡, 

where, the parameters 𝜀𝑟 and 𝜀𝜃 are respectively the radial and tangential strain components, 𝜈 is Poisson's ratio, 

𝛾 is the coefficient of thermal expansion and E is the modulus of elasticity of the fin. Eqs. 36 and 37 can be 

rewritten as follows: 

 (38) 𝜎𝑟 =
𝐸

1 − 𝜈2
[𝜀𝑟 + 𝜐𝜀𝜃 − (1 + 𝜐)𝛾𝑡], 

 (39) 𝜎𝜃 =
𝐸

1 − 𝜈2
[𝜀𝜃 + 𝜐𝜀𝑟 − (1 + 𝜐)𝛾𝑡]. 

The displacement relations for the polar components of the strain in the plane strain state are as follows: 

(40) 𝜀𝑟 =
𝑑𝑢𝑟

𝑑𝑟
, 𝜀𝜃 =

𝑢𝑟

𝑑𝑟
.   

By substituting the Eqs. 38-40 in the Eq. 35, the following differential equation is obtained: 

(41) 
𝑑

𝑑𝑟
(

1

𝑟

𝑑(𝑟𝑢𝑟)

𝑑𝑟
) = (1 + 𝜈)𝛾

𝑑𝑇

𝑑𝑟
.   

By integrating twice from the Eq. 41, the relation related to the radial displacement is obtained as follows: 

(42) 𝑢𝑟 =
(1 + 𝜈)𝛾

𝑟
∫ (𝑇 − 𝑇𝑎)𝑟𝑑𝑟 + 𝐴1𝑟 +

𝐴2

𝑟

𝑟

𝑟𝑖

,   

where 𝐴1 and 𝐴2 are integration constants. The boundary condition without tension on the internal and external 

surfaces is as follows: 

(43) 𝑟 = 𝑟𝑖 , 𝑟𝑜: 𝜎𝑟 = 0.  

Using the Eqs. 38-40, 42 and the boundary conditions 43, the integration constants of 𝐴1 and 𝐴1 can be obtained 

as follows: 

(44) 𝐴1 =
(1 − 𝜈)𝛾

𝑟𝑜
2 − 𝑟𝑖

2
∫ (𝑇 − 𝑇𝑎)𝑟𝑑𝑟

𝑟𝑜

𝑟𝑖

+ 𝛾𝑇𝑎 ,  

 (45) 𝐴2 =
(1 + 𝜈)𝛾𝑟𝑖

2

𝑟𝑜
2 − 𝑟𝑖

2
∫ (𝑇 − 𝑇𝑎)𝑟𝑑𝑟

𝑟𝑜

𝑟𝑖

.  

By substituting the obtained values of 𝐴1 and 𝐴2 in Eq. 42, the relations related to the stress field are obtained as 

follows: 

(46) 𝜎𝑟 = −
𝛾𝐸

𝑟2
∫ (𝑇 − 𝑇𝑎)𝑟𝑑𝑟

𝑟

𝑟𝑖

+
𝛾𝐸

𝑟𝑜
2 − 𝑟𝑖

2
(1 −

𝑟𝑖
2

𝑟2
) ∫ (𝑇 − 𝑇𝑎)𝑟𝑑𝑟

𝑟𝑜

𝑟𝑖

, 

 (47) 𝜎𝜃 = −𝛾𝐸(𝑇 − 𝑇𝑎) +
𝛾𝐸

𝑟2
∫ (𝑇 − 𝑇𝑎)𝑟𝑑𝑟

𝑟

𝑟𝑖

+
𝛾𝐸

𝑟𝑜
2 − 𝑟𝑖

2
(1 +

𝑟𝑖
2

𝑟2
) ∫ (𝑇 − 𝑇𝑎)𝑟𝑑𝑟

𝑟𝑜

𝑟𝑖

.  

To simplify the problem, the following dimensionless parameters are considered [19]: 

(48) 𝜎𝑟̅̅̅ =
𝜎𝑟

𝐸
, 𝜎𝜃̅̅ ̅ =

𝜎𝜃

𝐸
, 𝑥 =

𝑟

𝑟𝑖

, 𝑅 =
𝑟𝑜

𝑟𝑖

, 𝜃 =
𝑇 − 𝑇𝑎

𝑇𝑏 − 𝑇𝑎

, 𝜒 = 𝛾(𝑇𝑏 − 𝑇𝑎).  

By substituting the dimensionless parameters (Eq. 48) in the equations of the stress field (Eqs. 46 and 47), the 

equations of the dimensionless stress field are obtained: 
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(49) 𝜎𝑟̅̅̅ = −
𝜒

𝑥2
∫ 𝜃𝑥𝑑𝑥

𝑥

1

+
𝜒(𝑥2 − 1)

(𝑅2 − 1)𝑥2
∫ 𝜃𝑥𝑑𝑥

𝑅

1

, 

 (50) 𝜎𝜃̅̅ ̅ = −𝜒𝜃 +
𝜒

𝑥2
∫ 𝜃𝑥𝑑𝑥

𝑥

1

+
𝜒(𝑥2 + 1)

(𝑅2 − 1)𝑥2
∫ 𝜃𝑥𝑑𝑥

𝑅

1

.  

According to the definition of 𝑥 in Eq. 48 and the definition of 𝑋 in Eq. 19, we can conclude that:  

 (51) 𝑥 = 𝑋 + 1. 

Therefore, the stress equations in terms of the dimensionless radius of 𝑋 can be written as follows: 

 (52) 𝜎𝑟̅̅̅ = −
𝜒

(𝑋 + 1)2
∫ 𝜃(𝑋 + 1)𝑑𝑋

𝑋

0

+
𝜒(𝑋2 + 2𝑋)

(𝑅2 − 1)(𝑋 + 1)2
∫ 𝜃(𝑋 + 1)𝑑𝑋

𝑅−1

0

, 

 (53) 𝜎𝜃̅̅ ̅ = −𝜒𝜃 +
𝜒

(𝑋 + 1)2
∫ 𝜃(𝑋 + 1)𝑑𝑋

𝑋

0

+
𝜒(𝑋2 + 2𝑋 + 2)

(𝑅2 − 1)(𝑋 + 1)2
∫ 𝜃(𝑋 + 1)𝑑𝑋

𝑅−1

0

.  

By calculating the integrals in the Eqs. 52 and 53, the stress equations are obtained as follows: 

(52) 

𝜎𝑟̅̅̅ =
𝜒

180(𝑅2 − 1)(𝑋 + 1)2
(𝑋2

+ 2𝑋) ((𝑅 − 1)(90(𝑅 + 1) + 𝑀2(𝑅 − 1)4(61𝑅 + 35) − 20𝑀𝑅(8𝑅2 − 𝑅 − 1)

− 10𝐴𝑀(𝑅3 + 19𝑅2 + 𝑅 − 9)) + 60(𝐴 + 1)𝑀𝑅(3𝑅2 − 1)𝐿𝑛𝑅)

−
𝜒

(𝑋 + 1)2
(

1

180
𝑋 (90(𝑋 + 2)

+ 𝑀2𝑋(−120𝑅2(2𝑋 + 3) + 40𝑅3(2𝑋 + 3) + 5(𝑋 + 2)2(𝑋2 + 2𝑋 − 6)

− 6𝑅(4𝑋3 + 5𝑋2 − 40𝑋 − 60))

+ 10𝑀 (−9𝐴𝑋(𝑋 + 2)2 + 2𝑅(−8𝑋2 − 15𝑋 − 6 + 𝐴(4𝑋2 + 3𝑋 − 6))))

−
1

3
(𝐴 + 1)𝑀𝑅𝑋2(2𝑋 + 3)𝐿𝑛𝑅 +

2

3
(𝐴 + 1)𝑀𝑅(𝑋 + 1)3𝐿𝑛(𝑋 + 1)), 

 (53) 

𝜎𝜃̅̅ ̅ =
𝜒

180(𝑅2 − 1)(𝑋 + 1)2
(𝑋2 + 2𝑋

+ 2) ((𝑅 − 1)(90(𝑅 + 1) + 𝑀2(𝑅 − 1)4(61𝑅 + 35) − 20𝑀𝑅(8𝑅2 − 𝑅 − 1)

− 10𝐴𝑀(𝑅3 + 19𝑅2 + 𝑅 − 9)) + 60(𝐴 + 1)𝑀𝑅(3𝑅2 − 1)𝐿𝑛𝑅)

+
𝜒

(𝑋 + 1)2
(

1

180
𝑋 (90(𝑋 + 2)

+ 𝑀2𝑋(−120𝑅2(2𝑋 + 3) + 40𝑅3(2𝑋 + 3) + 5(𝑋 + 2)2(𝑋2 + 2𝑋 − 6)

− 6𝑅(4𝑋3 + 5𝑋2 − 40𝑋 − 60))

+ 10𝑀 (−9𝐴𝑋(𝑋 + 2)2 + 2𝑅(−8𝑋2 − 15𝑋 − 6 + 𝐴(4𝑋2 + 3𝑋 − 6))))

−
1

3
(𝐴 + 1)𝑀𝑅𝑋2(2𝑋 + 3)𝐿𝑛𝑅 +

2

3
(𝐴 + 1)𝑀𝑅(𝑋 + 1)3𝐿𝑛(𝑋 + 1)) − 𝜒(1

+ 𝑀𝑋(𝑋 − 2𝑅 + 2)

+
1

6
𝑀 (𝑋 (12𝐴(𝑅 − 𝑋 − 2) − 6(𝑥 + 2)

+ 𝑀(𝑋3 + 4𝑋2 + 8𝑅3 − 24𝑅2 − 8 − 4𝑅(𝑋2 − 6))) − 12(𝐴 + 1)𝑅𝑋𝐿𝑛𝑅

+ 12(𝐴 + 1)(𝑋 + 1)𝑅𝐿𝑛(𝑋 + 1)).  

Results of calculating the thermal stress of the annular fin with rectangular profile 

The main goal in this section is to find the dimensionless temperature distribution and thermal stresses in an 

annular fin with a rectangular profile using HPM. First, HPM has been used to find the dimensionless temperature 
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distribution of the annular fin with a rectangular profile with variable thermal conductivity, and then the 

approximate analytical solution of the temperature distribution has been used to calculate the thermal stresses. For 

validation, the temperature distribution results obtained in the present problem using HPM, with the results 

obtained by Arslan Turk [17] using FDM, ADM and the exact answer for The dimensionless parameters M=0.3 

and R=2 are compared in the Table 1. According to Table 1, it can be seen that for the thermal conductivity 𝐴 =

0.3, the results obtained from HPM have a slightly higher temperature distribution than the results obtained from 

FDM, and also the results obtained from HPM has a lower temperature distribution than the results obtained from 

ADM. For constant thermal conductivity (A=0), the results of HPM are slightly lower than the exact results. By 

examining the data, it can be seen that the maximum error of HPM results compared to the results obtained from 

FDM, ADM and the exact results are 2.03%, 1.2% and 0.9% respectively. Therefore, it can be said that the results 

of HPM are in good agreement with the results obtained from FDM, ADM and the exact results. 

Table 1. Comparing the dimensionless temperature distribution obtained by HPM with results of reference of 

[17]. 

𝐴 = 0 𝐴 = 0.3  

HPM Exact [17] HPM ADM [17] FDM [17] X 

1 1 1 1 1 0 

0.9345 0.9355 0.9455 0.9512 0.9477 0.1 

0.8797 0.8820 0.9013 0.9102 0.9036 0.2 

0.8342 0.8379 0.8659 0.8761 0.8668 0.3 

0.7971 0.8018 0.8380 0.8481 0.8365 0.4 

0.7673 0.7730 0.8165 0.8256 0.8119 0.5 

0.7443 0.7504 0.8005 0.8080 0.7927 0.6 

0.7272 0.7336 0.7891 0.7950 0.7782 0.7 

0.7156 0.7221 0.7816 0.7862 0.7682 0.8 

0.7089 0.7154 0.7775 0.7811 0.7624 0.9 

0.7067 0.7132 0.7763 0.7795 0.7605 1 

In order to validate the results of the radial and tangential stresses of the current research obtained by HPM with 

the results obtained by Chiu and Chen [3] with the help of ADM in Table 2 has been compared. For this purpose, 

the following values are considered:  

(54) ℎ = 50
𝑊

𝑚2𝐾
, 𝑘𝑎 = 186

𝑊

𝑚𝐾
, 𝑡 = 0.004𝑚, 𝛼 = 0.00018. 

By checking the data in the Table 2, it can be seen that the results related to the dimensionless temperature and 

thermal stresses obtained in the present problem are in good agreement with the results in the reference [3]. 

Table 2. Comparison of thermal stresses obtained by HPM with results of reference of [3]. 

𝜎𝜃̅̅ ̅ 𝜎𝜃̅̅ ̅ 𝜎𝑟̅̅̅ 𝜎𝑟̅̅̅ 𝜃 𝜃  

HPM ADM [3] HPM ADM [3] HPM ADM [3] 𝑟

𝑟𝑖

= 𝑋 + 1 

-30.92 -29.7 0 0 2 2 1 

-5.64 -5.51 -5.42 -5.24 1.933 1.936 1.5 

4.73 4.52 -3.99 -3.89 1.894 1.899 2 

8.63 8.21 -1.78 -1.78 1.874 1.878 2.5 

8.67 8.56 0 0 1.868 1.869 3 
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Figure 3 shows the effect of parameter 𝐴 on the dimensionless temperature distribution, which is a function of the 

radius of the fin (𝑋). As seen in this figure, the temperature gradually decreases from the base to the tip of the fin 

for different values of 𝐴 = −0.1, 0, and 0.1. Also, the dimensionless temperature increases with the increase of 

𝐴. 

 

Figure 3. Effect of 𝐴 on dimensionless temperature distribution. 

In Figure 4, the temperature distribution changes for different values of 𝑀 are shown. As can be seen, the 

temperature from the base to the tip of the fin decreases for different values of 𝑀 = 0.1, 0.2, 0.3 and with the 

increase of 𝑀, the local temperature drop is greater. 

 

Figure 4. Effect of 𝑀 on dimensionless temperature distribution. 

Due to the fact that in the design process of fins, it is necessary to have appropriate information regarding 

temperature distribution and thermal stresses, so in this part of the research, the thermal stresses of fins have been 

studied. In Figures 5 and 6, the effect of thermal conductivity parameter (𝐴) on radial stress (𝜎𝑟̅̅̅) and tangential 

stress (𝜎𝜃̅̅ ̅) is shown for values of 𝑀 = 0.1 and 𝜒 = 1. By examining these figures, the radial stresses appear to 

be compressive while the tangential stresses are compressive near the base and tensile near the tip of the fin. It 

can also be seen that the absolute value of the stress increases with the decrease of the 𝐴.  
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Figure 5. Effect of 𝐴 parameter on radial stress. 

 

Figure 6. Effect of parameter 𝐴 on tangential stress. 

Figures 7 and 8 show the behavior of thermal stresses for different values of 𝑀 parameter. Examining these figures 

similar to the previous case, the radial stresses appear to be compressive while the tangential stresses are 

compressive near the base and tensile near the free tip of the fin. It can also be seen that with the increase of the 

parameter 𝑀, the absolute value of the stress increases and the effect of the parameter 𝑀 on the stress is more 

obvious compared to the parameter 𝐴. 

 

Figure 7. Effect of parameter 𝑀 on radial stress. 
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Figure 8. Effect of parameter 𝑀 on tangential stress. 

Figures 9 and 10 show the effect of thermal expansion parameter (𝜒) on radial and tangential stresses. The stress 

curves in the radial and tangential directions show that the radial and tangential stresses have a strong dependence 

on 𝜒. It can also be seen that the absolute value of the stress increases with the increase of the 𝜒. 

 

Figure 9. Effect of parameter 𝜒 on radial stress. 

 

Figure 10. Effect of parameter 𝜒 on tangential stress. 
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By examining the Figures 3-10, it was observed that the thermal stresses are influenced by the parameters 𝐴, 𝑀 

and 𝜒, while the distribution temperature is only affected by 𝐴 and 𝑀.  The highest absolute value of radial stress 

occurs at 𝑋 = 0.32, the highest absolute value of tangential stress occurs at 𝑋 = 0, and zero tangential stress value 

occurs at 𝑋 = 0.3838. It is also observed that the maximum value of tangential stress is higher than the maximum 

value of radial stress. Therefore, the most effective stress on the failure of the fin, which is at the base of the fin, 

is the tangential stress. 

Governing equations of the annular fin with hyperbolic profile 

In this section, an axisymmetric annular fin with a hyperbolic profile (Fig. 11) is considered. This fin has base 

radius 𝑟𝑎 and tip radius 𝑟𝑏 and variable thermal conductivity coefficient (𝑘(𝑇)). 

 

Figure 11. Annular fin with hyperbolic profile (base radius 𝑟𝑎, tip radius 𝑟𝑏). 

 

The fin profile function is defined as follows: 

(55) 𝑡 = 𝛿 (
𝑟

𝑟𝑎

)
𝑛

, 

where 𝑛 is the profile parameter. If the value of 𝑛 = −1 is substituted in the mentioned relationship, the fin will 

be hyperbolic. Heat from the base of the fin enters the fin from the body at a temperature of 𝑇𝑏  and is transferred 

from the side surface of the fin by convection to the environment with a temperature of 𝑇𝑎. The fin tip is insulated 

and its surface is assumed to be tension free. The thermal conductivity coefficient of the fin (𝑘(𝑇)) depends on 

the temperature and the thickness of the fin is small compared to its radius. The distribution of temperature and 

stress is only assumed in the radial direction [6]. The differential element of the length of the annular fin along 

with the input and output energy rates is shown in the figure 12. 

 

Figure 12. Differential element of the length of the annular fin with hyperbolic profile. 

In Fig. 12, the parameters 𝑞𝑐𝑜𝑛𝑑 , 𝑞𝑐𝑜𝑛𝑣  and 𝑡 are the conduction heat transfer rate, convective heat transfer rate 

and fin thickness, respectively. The general form of the energy balance for a control volume is as follows: 
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(56) ∑ 𝐸𝑛

𝑖𝑛

− ∑ 𝐸𝑛

𝑜𝑢𝑡

=
𝑑𝐸𝑛

𝑑𝑡
, 

where ∑ 𝐸𝑛𝑖𝑛 , ∑ 𝐸𝑛𝑜𝑢𝑡 , and 
𝑑𝐸𝑛

𝑑𝑡
 are, respectively, the energy rate input the control valume, the energy output rate 

from the control volume, and the energy change rate in the control volume. By substituting different energy 

components in the energy balance equation (Eq. 56), we will have the following relationship for steady-state 

conditions: 

(57) 𝑞𝑐𝑜𝑛𝑑,𝑟 − 𝑞𝑐𝑜𝑛𝑑,𝑟+𝑑𝑟 − 2𝑞𝑐𝑜𝑛𝑣 = 0, 

(58) 

where: 

𝑞𝑐𝑜𝑛𝑑,𝑟+𝑑𝑟 = 𝑞𝑐𝑜𝑛𝑑,𝑟 +
𝑑𝑞𝑐𝑜𝑛𝑑,𝑟

𝑑𝑟
𝑑𝑟, 

(59) 𝑞𝑐𝑜𝑛𝑑,𝑟 = −𝑘(𝑇)𝑡2𝜋𝑟
𝑑𝑇

𝑑𝑟
, 

(60) 𝑞𝑐𝑜𝑛𝑣 = ℎ2𝜋𝑟𝑑𝑟(𝑇 − 𝑇𝑎). 

By substituting the Eqs. 58-60 in Eq. 57 and by simplifying the relations, the governing equation for fin 

temperature distribution is obtained as follows [20]: 

(61) 
𝑑

𝑑𝑟
(𝑘(𝑇)𝑡𝑟

𝑑𝑇

𝑑𝑟
) = 2ℎ𝑟(𝑇 − 𝑇𝑎), 

where, ℎ is the convective heat transfer coefficient, and the heat conduction coefficient, which is a function of 

temperature, is defined as follows: 

(62) 𝑘(𝑇) = 𝑘𝑎[1 + 𝛼(𝑇 − 𝑇𝑎)], 

so that the parameter 𝑘𝑎 is the thermal conductivity at ambient temperature and the constant parameter 𝛼 is the 

measure of the change of the thermal conductivity coefficient. To obtain the dimensionless form of the governing 

equation, the dimensionless parameters are defined as follows [6]: 

(63) 𝜃 =
𝑇 − 𝑇𝑎

𝑇𝑏 − 𝑇𝑎

, 𝑋 =
𝑟 − 𝑟𝑎

𝑟𝑎

, 𝑅 =
𝑟𝑏

𝑟𝑎

, 𝜓 = √
2ℎ𝑟𝑎

2

𝑘𝑎𝛿
, 𝐴 = 𝛼(𝑇 − 𝑇𝑎). 

By substituting the dimensionless relations (Eq. 63) in the Eq. 61, the dimensionless form of the equation 

governing the temperature distribution of the corresponding fin is obtained as follows: 

(64) 
𝑑2𝜃

𝑑𝑋2
+ 𝐴 (

𝑑𝜃

𝑑𝑋
)

2

+ 𝐴𝜃
𝑑2𝜃

𝑑𝑋2
− 𝜓2(𝑋 + 1)𝜃 = 0, 

(65) 
and also the corresponding dimensionless boundary conditions are as follows: 

𝜃(0) = 1, 

(66) 
𝑑𝜃(𝑅 − 1)

𝑑𝑋
= 0. 

According to Eq. 64, temperature distribution is 𝜃 affected by fin radius (X), thermal conductivity (𝐴) and thermo-

geometric parameter (𝜓). 

Calculation of Temperature Distribution of Annular Fin with Hyperbolic Profile by HPM 

In this part, the solution of the governing equation (Eq. 64) is discussed with the help of HPM. Using the Eq. 5, 

the Eq. 64 can be written as follows: 

(67) 
𝐻(𝜃, 𝑝) = 𝐿∗(𝜃) − 𝐿∗(𝑢0) + 𝑝𝐿∗(𝑢0) + 𝑝 [𝐴 (

𝑑𝜃

𝑑𝑋
)

2

+ 𝐴𝜃
𝑑2𝜃

𝑑𝑋2
− 𝜓2(𝑋 + 1)𝜃] = 0. 
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By substituting 𝜃 from the Eq. 8 in the Eq. 67 and by separating the different orders of p, we will have the 

following equations: 

(68) 𝑝0 : 
𝑑2𝜃0

𝑑𝑋2
−

𝑑2𝑢0

𝑑𝑋2
= 0, 

(69) 
𝑝1 : 

𝑑2𝜃1

𝑑𝑋2
+

𝑑2𝑢0

𝑑𝑋2
= −𝐴 [(

𝑑𝜃0

𝑑𝑋
)

2

+ 𝜃0

𝑑2𝜃0

𝑑𝑋2
] + 𝜓2(𝑋 + 1)𝜃0, 

(70) 
𝑝2 : 

𝑑2𝜃2

𝑑𝑋2
= −𝐴 [2

𝑑𝜃0

𝑑𝑋

𝑑𝜃1

𝑑𝑋
+

𝑑2𝜃1

𝑑𝑋2
𝜃0 +

𝑑2𝜃0

𝑑𝑋2
𝜃1] + 𝜓2(𝑋 + 1)𝜃1. 

By substituting 𝜃 from Eq. 8 in the boundary conditions 65 and 66, we will finally have: 

 (71) 𝜃0(0) = 1, 𝜃1(0) = 𝜃2(0) = ⋯ = 0, 

 (72) 
𝑑𝜃0(𝑅 − 1)

𝑑𝑋
=  

𝑑𝜃1(𝑅 − 1)

𝑑𝑋
=

𝑑𝜃2(𝑅 − 1)

𝑑𝑋
= ⋯ = 0. 

From solving the Eqs. 68-70 and using the boundary conditions 71 and 72 the values of 𝜃0, 𝜃1 and 𝜃2 will be 

obtained as follows: 

𝜃0 = 1,                                                                                                                                                                     (73) 

𝜃1 =
1

6
𝜓2𝑋(𝑋2 − 3𝑅2 + 3𝑋 + 3),                                                                                                                          (74) 

(75) 
𝜃2 =

1

360
𝜓2𝑋 (60𝐴(3𝑅2 − 𝑋2 − 3𝑋 − 3)

+ 𝜓2(48𝑅5 − 90𝑅4 − 15𝑅2(𝑋3 + 2𝑋2 − 4) + 2(𝑋5 + 6𝑋4 + 15𝑋3 + 15𝑋2 − 9))). 

By substituting the values of 𝜃0, 𝜃1 and 𝜃2 in the Eq. 9, the dimensionless temperature distribution of  𝜃 is obtained 

as follows: 

(76) 
𝜃 = 1 −

1

6
(𝐴 − 1)𝜓2𝑋(3 − 3𝑅2 + 𝑋(3 + 𝑋)) +

1

360
𝜓4𝑋(48𝑅5 − 90𝑅4 − 15𝑅2(𝑋2(𝑋 + 2) − 4)

+ 2(3 + 𝑋(3 + 𝑋))(−3 + 𝑋(3 + 𝑋)))). 

 

Calculation of thermal stresses in annular fin with hyperbolic profile 

Assuming plane stress (𝜎𝑧 = 0), radial and tangential stresses in axially symmetric state are defined as follows 

[18]: 

 (77) 𝜎𝑟 =
𝐸

1 − 𝜐2
[(

𝑑𝑢𝑟

𝑑𝑟
− 𝛾𝑇) + 𝜐(

𝑢𝑟

𝑟
− 𝛾𝑇)], 

 (78) 𝜎𝜃 =
𝐸

1 − 𝜐2
[(

𝑢𝑟

𝑟
− 𝛾𝑇) + 𝜐(

𝑑𝑢𝑟

𝑑𝑟
− 𝛾𝑇)], 

where 𝜐 is Poisson's ratio, 𝛾 is thermal expansion coefficient, and 𝐸 is Finn's modulus of elasticity. According to 

the classical theory of elasticity, the equilibrium equation in the polar coordinate system for a profile with variable 

thickness is as follows: 

(79) 
𝑑𝜎𝑟

𝑑𝑟
+

𝜎𝑟

𝑡

𝑑𝑡

𝑑𝑟
+

𝜎𝑟 − 𝜎𝜃

𝑟
= 0. 

By substituting the Eqs. 77 and 78 in Eq. 79, the displacement balance equation is obtained as follows: 

(80) 
𝑑2𝑢𝑟

𝑑𝑟2
+

(1 + 𝑛)

𝑟

𝑑𝑢𝑟

𝑑𝑟
+

(𝜈𝑛 − 1)𝑢𝑟

𝑟2
− (1 + 𝜈)𝛾 (

𝑑𝑇

𝑑𝑟
+

𝑇

𝑟
𝑛) = 0. 

For dimensionless equation 80, the following dimensionless parameters are considered: 
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(81) 𝜎𝑟̅̅̅ =
𝜎𝑟

𝐸
, 𝜎𝜃̅̅ ̅ =

𝜎𝜃

𝐸
, 𝑥 =

𝑟

𝑟𝑎

, 𝜃 =
𝑇 − 𝑇𝑎

𝑇𝑏 − 𝑇𝑎

, 𝜒 = 𝛾(𝑇𝑏 − 𝑇𝑎).  

Considering the dimensionless parameters (Eq. 81), the following dimensionless temperature distribution 

equation is obtained as follows: 

(82) 
𝑑2𝑢𝑟

𝑑𝑥2
+

(1 + 𝑛)

𝑥

𝑑𝑢𝑟

𝑑𝑥
+

(𝜈𝑛 − 1)𝑢𝑟

𝑥2
− (1 + 𝜈)𝑟𝑎𝜒 (

𝑑𝜃

𝑑𝑥
+

𝜃

𝑥
𝑛) = 0. 

Also, the dimensionless form of stress equations (Eqs. 77 and 78) is obtained as follows: 

(83) 𝜎𝑟̅̅̅ =
1

1 − 𝜐2
[(

𝑑𝑢𝑟

𝑑𝑥
+ 𝜐

𝑢𝑟

𝑥
)

1

𝑟𝑎

− 𝜒(1 + 𝜐)𝜃], 

 (84) 𝜎𝜃̅̅ ̅ =
1

1 − 𝜐2
[(

𝑢𝑟

𝑥
+ 𝜐

𝑑𝑢𝑟

𝑑𝑥
)

1

𝑟𝑎

− 𝜒(1 + 𝜐)𝜃], 

and the boundary conditions without tension on the internal and external surfaces are as follows: 

(85) 𝜎𝑟̅̅̅ = 0,   𝑥 = 1, 𝑅. 

By changing the variable 𝑋 = 𝑥 − 1, the dimensionless temperature distribution (Eq. 76) is rewritten as follows: 

(86) 
𝜃 = 1 −

1

6
(𝐴 − 1)𝜓2(𝑥 − 1)(𝑥2 − 3𝑅2 + 𝑥 + 1) +

1

360
𝜓4(48𝑅5(𝑥 − 1) − 90𝑅4(𝑥 − 1) + 8

+ 2𝑥3(𝑥3 − 5) − 15𝑅2(𝑥4 − 2𝑥3 − 2𝑥 + 3). 

By substituting the dimensionless temperature distribution (Eq. 86) in the differential equation 82 and solving this 

equation, the value of 𝑢𝑟 is obtained. 

Results of calculating the thermal stress of the annular fin with hyperbolic profile 

In this section, HPM is first used to find the dimensionless temperature distribution of an isotropic annular fin 

with a hyperbolic profile and a variable thermal conductivity coefficient, and then the approximate analytical 

solution of the temperature distribution is used to calculate the thermal stresses. If 𝑛 = 0 is substituted in Eq. 55, 

the fin will be annular with uniform thickness (rectangular profile) and therefore relations 82 and 41 will be the 

same. The results related to the annular fin with rectangular profile (𝑛 = 0) are validated in section 6.  

In the Figure 13, the effect of the thermal conductivity parameter (𝐴) on the dimensionless temperature 

distribution is shown. As can be seen in this figure, the temperature decreases gradually from the base to the tip 

of the fin for different values of 𝐴 = −0.1, 0, 0.1. Also, with the increase of 𝐴 parameter, the dimensionless 

temperature increases and the local temperature drop is less. 

 

Figure 13. Effect of 𝐴 on dimensionless temperature distribution. 
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In Figure 14, the temperature distribution changes for different values of 𝜓 are shown. As can be seen, the 

temperature decreases from the base to the tip of the fin for 𝜓 = 0.1, 0.2, 0.3 values. Also, with the increase of 

the 𝜓, the dimensionless temperature decreases and the local temperature drop is greater.  

 

Figure 14. Effect of 𝜓 on dimensionless temperature distribution. 

 

In Figures 15 and 16, the effect of thermal conductivity parameter (𝐴) on radial stress 𝜎𝑟̅̅̅ and tangential stress 𝜎𝜃̅̅ ̅ 

is shown. In these figures, the values of 𝜈 = 0.3, 𝜓 = 0.1 and 𝜒 = 1 are considered. By examining these Figures, 

the radial stresses appear to be compressive while the tangential stresses are compressive near the base and tensile 

near the tip of the fin. It can also be seen that the absolute value of the stress increases with the decrease of the 𝐴.  

 

Figure 15. Effect of 𝐴 parameter on radial stress. 



J. Electrical Systems 20-3 (2024):4756-4778 

  4773  

 

Figure 16. Effect of parameter 𝐴 on tangential stress. 

Figures 17 and 18 show the behavior of thermal stresses for 𝜓 = 0.1, 0.2, 0.3. As can be seen, the radial stresses 

are compressive while the tangential stresses are compressive near the base and tensile near the tip of the fin. It 

can also be seen that the absolute value of the stress increases with the increase of the 𝜓.  

 

Figure 17. Effect of parameter 𝜓 on radial stress. 

 

Figure 18. Effect of parameter 𝜓 on tangential stress. 
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Figures 19 and 20 show the effect of thermal expansion parameter (𝜒) on radial and tangential stresses. As can 

be seen, the radial stresses appear to be compressive while the tangential stresses are compressive near the base 

and tensile near the tip of the fin. Also, with the increase of X, the absolute value of the stress increases.  

 

Figure 19. Effect of parameter 𝜒 on radial stress. 

 

Figure 20. Effect of parameter 𝜒 on tangential stress. 

Figures 21 and 22 show the effect of Poisson's ratio (𝜐) on radial and tangential stresses. As can be seen, the 

change of 𝜐 has a negligible effect on the radial and tangential stresses. 
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Figure 21. Effect of parameter 𝜐 on radial stress. 

 

Figure 22. Effect of parameter 𝜐 on tangential stress. 

 

By checking the Figures 13-22, it can be seen that the thermal stresses under the influence of the parameters 

𝐴, 𝜓, 𝜒 and 𝜐, while the temperature distribution is only affected by 𝐴 and 𝜓. The highest absolute value of radial 

stress occurs at 𝑥 = 1.64, the highest absolute value of tangential stress occurs at 𝑥 = 1 (Fin base) and zero 

tangential stress value occurs at 𝑥 = 1.6352. It can also be seen that the maximum value of the tangential stress 

is greater than the maximum value of the radial stress, so the most effective stress on fin failure is the tangential 

stress at the base of the fin.  

Comparison of thermal stress of annular fins with rectangular and hyperbolic profile 

In Figures 23 and 24, the radial and tangential stresses between the annular fin with rectangular profile (𝑛 = 0) 

and the fin with hyperbolic profile (𝑛 = −1) has been compared. As can be seen, the maximum value of the radial 

stress and tangential stress (at the base) in the fin with hyperbolic profile is less than the fin with rectangular 

profile. In fact, by changing the shape of the fin from rectangular (uniform thickness) to hyperbolic, the maximum 

value of radial and tangential stress decreases. These results show that due to the lower stress level of fin with 
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hyperbolic profile, it is much safer than fin with rectangular profile in terms of material failure. On the other hand, 

a fin with a hyperbolic profile is much more compact and requires less material to produce. 

 

Figure 23. Comparison of radial stress between annular fins with rectangular and hyperbolic profiles. 

 

Figure 24. Comparison of tangential stress between annular fins with rectangular and hyperbolic profiles. 

III. CONCLUSION 

In this research, using HPM, the effect of thermal conductivity parameter (𝐴), thermo-geometric parameter (𝑀 

and 𝜓) and thermal expansion coefficient (𝜒) on the dimensionless temperature and thermal stresses of radiative-

convective annular fin with rectangular profile and radiative-convective annular fin with hyperbolic profile with 

temperature-dependent thermal conductivity were calculated and compared. The main results of the present 

research are as follows:  

• The homotopy perturbation method as a powerful tool is capable of solving nonlinear equations such as 

the energy equation related to the heat transfer of fins with appropriate accuracy and speed; 

• The results of HPM are in good agreement with the analytical results or the results of other semi-

analytical methods such as ADM and FDM; 
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• In annular fin with rectangular profile and annular fin with hyperbolic profile, the absolute value of stress 

increases with the decrease of thermal conductivity parameter; 

• By increasing the parameter 𝑀 in the annular fin with a rectangular profile, the absolute value of the 

stress increases, and by increasing the parameter 𝜓 in the annular fin with a hyperbolic profile, the 

absolute value of the stress increases; 

• By increasing the parameter 𝜒 in annular fins with rectangular and hyperbolic profiles, the absolute value 

of the stress increases; 

• The parameter 𝜐 has no effect on the thermal stresses in the annular fin with a rectangular profile, and 

the parameter 𝜐 has a negligible effect on the thermal stresses in the annular fin with a hyperbolic profile; 

• The maximum value of tangential stress is higher than the maximum value of radial stress. Therefore, 

the most effective stress on fin failure is the tangential stress at the base of the fin; 

• By changing the shape of the fin from rectangular to hyperbolic, the maximum absolute value of radial 

and tangential stress decreases; 

• A fin with a hyperbolic profile is much safer than a fin with a rectangular profile in terms of material 

failure due to the lower stress level. Also, fin with hyperbolic profile is much more compact and requires 

less materials for production. 

As the development of the current research, the following will be considered in future works: 

• Solving the nonlinear equation of convective radiative heat transfer in two-dimensional fins with constant 

cross-sectional area by HPM; 

• Calculation of thermal stresses of annular fins with radiation and convection heat transfer by HPM. 
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