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Abstract: - Robot arms play a pivotal role as actuators in industrial production, finding widespread applications across diverse sectors.
Redundant robot arms, distinguished by their surplus joint degrees of freedom relative to task requirements, offer a spectrum of
advanced performance capabilities. Within the realm of redundant robot arms, motion planning emerges as a cornerstone area of
investigation. This paper presents an innovative approach to high-precision motion planning within the field of redundant robot arms.
First, the pseudo-inverse scheme prevalent in robot arm motion planning is noted. Subsequently, using a process of discretizing the
difference formula, we finally propose a high-precision motion planning scheme. Finally, the effectiveness and superiority of this
novel motion planning method are strictly evaluated through the combination of theoretical analysis and simulation experiments.
Notably, these experiments utilized a comprehensive range of scenarios, including a five-link manipulator operated in a flat
environment and the well-known UR 5 robot arm. This extended discussion highlights the profound significance of motion planning
in the context of redundant robot arms, demonstrating innovative advances in improving the precision and effectiveness of robot arm
operations. Through careful analysis and experiments, this paper makes substantial contributions to the development of robot arm
research, which is expected to improve performance and universal functionality in industrial applications.
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. INTRODUCTION

As a result of technological advancements, the mechanical arm has become indispensable in numerous
industries and is capable of performing a wide range of jobs, including welding, assembling, handling,
maintenance, and painting [1-3]. For different needs, robot arms with different degrees of freedom have been
designed successively, such as the UR arm [4] and the KUKA arm [5]. According to the number of degrees of
freedom, the robot arms can be divided into redundant and non-redundant robot arms. If the robot arm has more
degrees of freedom than is required to perform a given end trajectory tracking task, the robot arm may be considered
redundant [1-3].In contrast, redundancy arms have more operating space and more flexibility, making some
functional requirements that are specific and non-redundancy difficult to achieve. Due to its unique advantages,
the redundancy robot arm is widely used in the industrial, medical, and educational fields.

How to efficiently design the movement of the redundancy robot arm is a key topic in the application study [6-
7].For the motion planning of the redundancy manipulator, many research scholars and engineering practitioners
have launched different levels of exploration and designed and developed a variety of effective motion planning
schemes [1-3,6-10].Among these motion planning schemes, the more classical and widely used are the pseudo-
inverse schemes. For example, Lee and Buss proposed an obstacle avoidance planning scheme based on Jacobi
transpose [8], Guo et al. proposed a pseudo-inverse type motion planning scheme with noise resistance [9], and
Safeea et al. proposed an improved damping least squares method to realize the repeated motion planning [10] of
aredundancy robot arm. It is worth pointing out that these schemes are only designed for specific planning purposes
(e.g., obstacle avoidance planning, noise-resistant planning, repeated motion planning) and do not have more
exploration on the further improvement of the accuracy of motion planning. Based on the existing research basis,
this paper proposes a new pseudo-inverse type scheme with high motion planning accuracy and verifies the
effectiveness and superiority of the proposed high-precision motion planning scheme through theoretical analysis
and simulation.

Il.  HIGH-PRECISION MOTION PLANNING SCHEME

This part creates a new, highly precise motion planning scheme for the redundancy robot arm that differs from
the earlier schemes and theoretically examines its characteristics.
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A. Foundation of movement planning

In the redundancy robot arm investigation, forward-inverse kinematics is a key component[11]. Positive
kinematics is often related to the modeling of mechanical arms; for general redundancy mechanical arms, it can be
modeled according to Denavit-Hartenberg parameters and derive the following uniform kinematic equations:

f(a(t)= p(t) (1)
Where, f(-): R" — R™ represents the nonlinear mapping, q(t)e R" represents the joint angle of the robot arm,

p(t)e R™is the position of the robot arm at the end actuator, and t € R represents the time. Thus, the positive
kinematics of the redundancy robot arm can be described as, given the joint angle q(t), the position p(t) of the
end-effector can be determined by the forward calculation of the kinematic equation (1).

Consequently, given the end effector's position, the inverse kinematics of the redundancy robot arm can be
described as p(t). Through the reverse calculation of the kinematic equation (1), the joint angle qft) of the
mechanical arm is solved, so as to complete the motion planning of the mechanical arm [1-5,15].

The motion planning of the redundancy robot arm is frequently examined at the velocity layer because of the
nonlinearity of the kinematic equations (1). (i.e., avoid the direct solution of the kinematic equations). Guide (1) to
obtain the kinematic equation of the following velocity layer:

J(at)at)= p(t) @)
Where, J(q(t))e R™" represents the nonlinear mapping, ¢(t)< R" represents the joint velocity of the robot

arm, p(t)e R™ represents the time derivative of the end position p(t) of the robot arm.For the redundancy robot
arm, n > m .Therefor, given p(t)and p(t), there will be multiple (or even infinite number) q(t) and ¢(t) that can
satisfy the kinematic equations (1) and (2).

According to the kinematic equation (2) and considering the feedback of error on the basis of (1), the following
pseudo inverse scheme commonly used in the motion planning of redundancy [1-3,6-7,11]:

d(t)=M(at)X p(t)- ( f (a(t)- pt))+(1 =M (a)3 (at)u(t) 3)
Where M (q(t)) e R™™ represents the pseudo-inverse matrix of the Jacobi matrix, 4 € R represents the error

nxm

feedback coefficient, | eR represents the identity matrix,and u(t)e R" represents the arbitrary vector

determined according to the optimization criterion.
Setting a different u(t) in (3) enables the redundancy robot arm to achieve different purposes, such as obstacle

avoidance planning, repeated motion planning, etc. In particular, when u(t)= 0, (3) can be further described as

4(t)=M(a(t)Xp(t)-4(f (a(t)- p(t)) ()

From a mathematical perspective, the motion planning scheme (4) is an ordinary differential equation, so the
"odel5s" instruction in MATLAB can be used to simulate it [13].

B. Description of the protocol

In order to meet the requirements of high precision in practical engineering, on the basis of the motion planning
scheme (4), this paper specifically discusses and designs a new scheme with high motion planning accuracy for the
redundancy mechanical arm. Since scheme (4) is described in continuous time, it can be discretized by using the
difference formula. The Euler difference formula in the existing difference formula is the simplest and most

classical [13]. Details are as follows:
qk — Q(t — kU) — qk+1 _qk

i ®)

Where, g, = q(t = ko), o € R denotes the sampling time, subscript k =0,1,2--- . The Euler difference formula

(5) is used to discretize the continuous motion planning scheme (4), and then the following discrete motion planning
scheme can be obtained.

Oes =0 +M(Q)(op —h(f(a)—p)) (6)
Where, p, = p(t=ko), p, = plt =ko), h= uo e Rindicates the step length. However, when the protocol (6)
is used for the redundancy robot arm, the corresponding motion planning accuracy is not high.
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In the same way as Euler difference formula (5), reference documentation [14] constructs the following Taylor
difference formula with x cutoff error:

G = 24q, ,, —5q, —12q, , -6q, , —4q, ;+3q, ,

k

480 )
Since the Euler difference formula (5) only has a cutoff error of O(a), the Taylor difference formula (7) is

better than the Euler difference formula (5). Furthermore, the Taylor difference formula (5) is used to discrete the
continuous motion planning scheme (4), and the discrete motion planning scheme can be obtained:

5 1 1 1 1 .
Okt = 2~k = Okt Ok + = O3 = G + M (ai 20D —h(f (a ) pi)
24 2 4 6 8 8)
Where step length h=2u0 € R,k =4,5,6...Discrete scheme (8) is a new scheme for high precision motion
planning for redundancy arm proposed in this paper. For scenario (8), its iterative calculation requires values of
five joint angles. Therefore, given the initial value g, of the redundant mechanical arm joint angle, the iterative
calculation of scheme (6) is used to determine the other four numerical values. The details are as follows:
0, = + M () (o P, —h(f(dy) - Py))
d, =, +M(a)(op, —h(f(a)—p))
d; =9, +M(a,)(op, —h(f(d,) - p,))
d, =d; +M(ds)(aps —h(f(d;) — ps)) )
According to the initial calculation of (9) and the iterative calculation of the high-precision motion planning
scheme (8), the joint angles of the redundant manipulator at different times during the task cycle can be obtained,
that is {qk k=012,...,T/ 0'}, where represents the cycle of the trajectory tracking task.

If these joint angles maintain the planning error of the end actuator e, = f(qk)— p, € R™ within a small

numerical range (e. g.,10~" or 1078 order of magnitude), the motion planning of the redundant manipulator is
completed.

C. Theoretical analysis

This subsection theoretically analyzes the properties of the proposed high-precision dynamic planning scheme
8).

Lemma 1: The high-precision motion planning scheme (8) proposed in this paper has zero stability and 4 order
consistency.

Evidence: High-precision motion planning scheme (8) Characteristic polynomial is as follows:
1
8 (10)
Since the five roots of ¢(.9)= 0 are in the unit circle, the high precision motion planning scheme (8) has zero

sH=F -9 Lo e lg,
247 27 47 6

stability. On the other hand, the Taylor difference formula (7) has a 0(03) cutoff error, that is

qk — 24qk+l _qu _12qk—1 — qufz _4qk—3 +3qk—4 +O(a3)
480 (11)
Using equation (11) to discretize the continuous motion planning scheme (4)

5 1 1 1 1 .
Ok+1 = 77 Uk +EQk—1 +sz72 +ng73 _qu—4 +M (QK )(Zopk —h(f (Qk )— Py ))+O(U4)

Omitting 0(0'4) in formula (12), we can further obtain
5 1 1 1 1 .
Oksr == Ok += Ok1 +— Ok 2 + = Ok_3 —= Ok_a + M (0 )(Zo'pk —h(f(ay )— )
24 2 4 6 8 (13)

Obviously, solution (12) is the high-precision motion planning solution (8). This shows that the high-precision
motion planning scheme (8) has a truncation error of 0(0'4). Therefore, it can be determined that the high-precision

motion planning scheme (8) has fourth-order consistency.
Lemma 2: The high-precision motion planning scheme proposed here (8) makes the planning error of the

redundant robot arm have a change mode of 0(0'4).
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Proof: Since the high-precision motion planning scheme (8) is zero-stable and consistent, it can be further
determined that the scheme is convergent [15] and converges with a truncation error of 0(04). And, when Kk is
large enough, the following results are obtained:

g =0 +O(c") (14)

Where % =9 (t=ko)eR represents the theoretical solution of kinematic equation (1), that is, (@) =p. .
Based on (13) and combined with Taylor expansion principle, we can get it.

f(a)= 1ok +0lo* )= flai J+ 2(az plo* )+ 0lo® )= o)+ 3 (e plo) 15)
Based on the expansion of Taylor (14), the following results can be obtained:

e 2=l (@)= pe lo=13(a; olo D=l 3(ai i1 0l 1, )
Where, || - || represents the Frobenius norm. If redundancy robot arm motion planning does not appear singular,

then || J(qy )|l is bounded. The [/ e, [l,<|| O(c*)Il, is available as per (15). This means that the high-precision
motion planning scheme (8) gives the planning error of the end effector of the redundant robot arm a change pattern
of 0(04).

It should be noted that the error change mode of O(a"') means that the sampling time o is reduced by 10 times
and the corresponding row error is reduced by 10000 times (or, the accuracy is increased by 100000 times).

Obviously, according to such a change mode and setting the appropriate sampling time, the scheme (8) proposed
in this paper can make the motion planning of the redundancy manipulator with very high precision.

I1l.  SIMULATION VALIDATION

This section simulates the motion planning scheme (6) and (8) based on the plane five-link manipulator and
UR manipulator, and verifies the effectiveness and superiority of the proposed high-precision motion planning
scheme (8) through comparative simulation results.

A. Flat five-link robot arm

In the simulation of this subsection, the end effector of the flat five-link manipulator is expected to complete
the tracking of the tricuspid valve trajectory. The period of the track tracked is 10 seconds and the initial value of
the robot arm joint angle is ¢, = [;r/18;;z/18;;z/18;7z/18;7r/18] radian. The corresponding simulation results are
shown in Figures 1 to Figure 3.

Fig. 1 is the simulation results of the trajectory tracking of the flat five-link robot arm using the motion planning
scheme (6) and setting o =0.01 and h=0.15. As can be seen from Fig. 1, the end effector of the robot arm
successfully completed the task of trajectory tracking in the plane, with a corresponding maximum planning error
of 8.32672x10*m .These results show the effectiveness of the motion planning scheme (6) and that the Euler
difference formula (5) can realize the dispersion treatment of the continuous motion planning scheme (4).
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(a) Movement trajectory of the robot arm
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Figure 1 The simulation results using the motion planning scheme (6) and setting o =0.01 and h=0.15
Fig. 2 is the simulation result of tracking the tricuspid valve trajectory of the plane five-link manipulator using
the high-precision motion planning scheme (8). As can be seen from Fig. 2, the robot arm end actuator also
successfully completed the task of trajectory tracking in the plane, with a corresponding maximum planning error

of 4.85427x107" m. These resul

ts show the effectiveness of the high-precision motion planning scheme (8) and

also show that the Taylor differential formula (7) can effectively realize the discrete treatment of (4). Moreover, it
can be seen by comparing Figure 1 (b) and Figure 2 (b) that the maximum planning error obtained by adopting
scheme (8) is significantly less than the maximum planning error obtained by scheme (6). From this perspective,

the high-precision motion planni
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Figure 2 shows the simulation results using the motion planning scheme (8) and setting ¢ =0.01 and h=0.15
Further, reduce a from 0.01 to 0.001, the protocol (8). The results in Fig. 3 show that the end effector of the
robot arm completes the trajectory tracking task in-plane with a small planning error. Comparing Fig. 2 (b) and
Fig.3 (b), o decreases by 10 times, and the maximum end planning error of the robot arm decreases by 10,000

times, from the order of 107" to the order of 10™**.

Adopt a high-precision motion planning scheme (8) to reduce the o . It can significantly improve the track
tracking accuracy of the end of the mechanical arm, so as to meet the specific high-precision requirements in the

actual engineering, and reflect the necessity of the proposed high-precision motion planning scheme (8).
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Figure 3 shows the simulation results using the motion planning scheme (8) and setting o =0.001 and h=0.15

B. PUMAS560 robot arm

In the simulation of this subsection, the end effector of the PUMAS560 robot arm expects to complete the
tracking of the trajectory. The period of track tracking was 10 seconds, and the initial value of the joint angle of
the robot arm was ¢, = [O;O;O;O;O;O] arc. The corresponding simulation results are shown in Figures 4 and Figure
5and Table 1.

Fig. 4 and Fig. 5 show the simulation results of using the high-precision motion planning scheme (8) and
tracking the four-point internal ycloid trajectory by setting o =0.01 and o =0.001 for the PUMAS60
manipulator respectively. As can be seen from Fig. 4 and Fig. 5, the end effector of the robot arm successfully
performed the task of trajectory tracking in space, with the corresponding maximum end planning error of

1.57055x107"m and 2.40417x10"* m, respectively. This indicates that the PUMAS560 robot arm achieves the
purpose of motion planning and thus verifies the effectiveness of the protocol (8). Moreover, the comparison results
of Fig. 4 (b) and Fig. 5 (b) again reflect the importance of sampling time o for the high-precision motion planning
scheme (8), i. e., reducing o can effectively improve the motion planning accuracy of scheme (8) in the
redundancy robot arm.
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(a) The robot arm movement trajectory
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Figure 4 Simulation results with a high-precision motion planning scheme (8) and setting o =0.01 and h=0.2
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Figure 5 The simulation results with high precision motion planning scheme (8) and setting o =0.001 and h=0.2

For further study, changing the value of sampling time o and step h, the high-precision motion planning
scheme (8) is used to track the trajectory of the PUMAS560 arm; the maximum value of the corresponding end
planning error is shown in Table 1. The data in Table 1 again demonstrate the effectiveness of the high-precision
motion planning scheme (8). More importantly, combining the results of Fig. 4 and Fig. 5 and Table 1, the following
conclusions can be obtained:

a). For the high-precision motion planning scheme (8), when the sampling time is reduced by 10 times, the
maximum planning error at the end of the PUMAB560 mechanical arm is reduced by 10,000 times. In other words,
the planning accuracy increases by 10,000 times. This indicates that the scheme (8) has an error change pattern of

0(04), which complies with the theoretical results of Lemma 2.
b). The performance of the high-precision motion planning scheme (8) can be further improved by increasing
the value of h; namely, the motion planning accuracy of the redundancy mechanical arm can be improved with the

increase of h.
Therefore, setting the sampling time and step length respectively ensures that the scheme (8) can have good
performance, which can have high motion planning accuracy when applied to the redundancy mechanical arm. The

above simulation results well demonstrate the effectiveness and superiority of the proposed high-precision motion
planning scheme (8).
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Table 1 sets the maximum end programming error of the manipulator arm at different & and h

=01 o=0.01 o =0.001
h=0.1 3.8937x10™* 2.0870x107 4.6988x10™
h=0.2 3.5628x107* 1.5706x107 2.4042x1071
h=0.3 3.2502x107 1.2686x107" 1.6100x107™

IV. CONCLUSION

In this paper, the Taylor difference formula (7) is used to discretize the continuous motion planning scheme (4),
thus proposing a new scheme with high motion planning accuracy (8) for the redundancy mechanical arm. Then
the proposed high-precision motion planning scheme (8) is analyzed from the theoretical level, and it shows that

the scheme has the error change pattern of O(a"’ ) The comparative simulation results of the plane five-link
manipulator and the PUMAS560 manipulator show the effectiveness and superiority of the high-precision motion
planning scheme (8). These results also verify the 0(04) error variation pattern of scheme (8) when applied to the

redundancy robot arm. By appropriately reducing the sampling time o and increasing the step length h, it can
significantly improve the performance of the scheme (8), so as to realize the high-precision motion planning of the
redundancy mechanical arm. Finally, it is worth mentioning that the research in this paper can be extended to the
discretization of the continuous motion planning scheme (3), so as to derive more new schemes with high precision
and different goals (such as obstacle avoidance planning and repeated motion planning, etc.) for the redundancy
mechanical arm.
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