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Abstract: In this paper, we prove a convergence result for a finite family of operators satisfying the MZ-type condition in CAT(0)
space. This paper aims to study an implicit iterative process for a finite family of operators satisfying the MZ-type condition. Our results
improve and extend some corresponding recent results from the current existing literature.
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Introduction and Preliminaries:

Throughout this paper, N denotes the set of positive integers, | = {1,2, ..., N}, be the initial segment of positive integers,
and F(T), be the set of fixed points of T . Let

F=n, F(T}),
be the set of common fixed points of finite families of mappings {T}:j € J}.
Assume that (X, d)is a metric space. A geodesic path between 6 € X and 1 € X (or, to put it another way, a geodesic
from Btomn)isamap r from [0,I] to X withr(0) = r(l) and d(r(t),r(to)) = |t — t,l, for any t,t, € [0,l]. Thus r
is an isometry and d(6,n) = L. The image of r is a geodesic (or metric) segment that joins © and 7. When geodesic is
unique, it is denoted by [6,1].
A metric space is called a geodesic if any pair of its points can be joined by a geodesic. If D contains every geodesic
segment connecting any two points, the subset D € X is convex.
A geodesic triangle A (04,0,,05) in a geodesic metric space (X,d) is made up of three points 0,,0,,0; in X (the
vertices of A, with a geodesic segment connecting each pair of vertices (the edge of A).
A comparison triangle for the geodesic triangle A (0,,6,,0;) in (X,d)is a triangle A (0,,0,,0;) =A (8,,0,,0,) in
Euclidean space R? such that dmz(a,@) = d(e,.,ej) for i,j € {1,2,3 [4].
If the distance between any two points on a geodesic triangle A does not exceed the distance between its corresponding
pair of points on its comparison triangle A, then the geodesic space X isa CAT(0) space.

Let A be a comparison triangle for a geodesic triangle A in X. The A is satisfy the CAT(0) inequality if forall 6,n €A
and its comparison points 6,7 EA  such that B

d(el n) S d]RZ (el ﬁ)
A complete CAT(0) space is often called Hadamard space [3].

n®J

Let 0,1, are points of X and m, be the midpoint of the segment [n, ], denoted by > then the CAT(0) inequality

gives

@ (0,10) < 3 A0, + 30,0 3 41,0
This is called the (CN) inequality of Bruhat and Tits [2]. A geodesic space is said to be CAT(0) space if and only if it
satisfies the (CN) inequality [4].
Kirk [6] first studied fixed point theory in CAT(0) spaces. He proved that every nonexpansive(single-valued) mapping
defined on a closed, bounded convex subset of a complete CAT(0) space always had a fixed point. Since, then the fixed
point theory for single-valued and multi-valued mappings in CAT(0)spaces has been rapidly developed, and many papers
have appeared(e.g., [14]-[19]).
It is worth mentioning that the results CAT(0) spaces can be applied to any CAT (k) space with k < 0 since any CAT (k)
space is a CAT (k") space for every k' = k [4].

Definition 1.1. Let (X,d) be a CAT(0) space and D be its nonempty subset of X. Then T:D — D is said to be
1. a contraction, if d(T0,Tn) < ad(6,1n), forall®neD, 0 <a < 1;

2. nonexpansive, if d(T8,Tn) < d(®,n), forall 8, € D;

3. quasi-nonexpansive, d(T6,p) < d(0,p), forall 6 € D, p € F(T);

4. Kannan mapping [10], if there exists b € [0, %) such that
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d(T8,Tn) < b[d(6,T6) + d(n,Tn)], forall 6,n € D;
5. Chatterjea mapping [11], if there exists ¢ € [0,%) such that
d(Te,Tn) < c[d(6,Tn) + d(n, TO)], for all 6,1 € D.

Example 1.1. Let X = R, D = [0,1] with the usual metric d(8,7n) = |6 —7n|.
We define an operator T: [0,1] — [0,1] such that

4 3
7(6) = { oelny
3 6e 1]
Then T is a discontinuous Kannan operator.
Proof: Since Kannan condition(K) is
ITO —Tnl < b[I6—T6l+In— Tnll, X)

for any 6,7 € [0,1].
We have to discuss the following cases:

I. O,n€ [0, %) or B,n € E, 1] . Then T(8) = T(n), the left-hand side of (K) becomes 0 and consequently (K)
holds for any b € [0, %)
3 3 4 3
1.0 € [0, Z) and n € [Z’ 1]. Then T(0) = s T() = > and (K) becomes
1 4 3
z<blo=+-3] 1.0
As 0<6< E, it follows that — <0 -1 < i, ) |9 —i| € [O,i].
4 7 7 = 28 7 7
3 . 9 3 _ 4 3 9 4
As ZSnSl,nfollowsthatESn—;S;, SO |n—;|€ 5,;].9 1 .
It follows that the minimum value of the right-hand side in (K) is bg , so for (K) to hold it is necessary that Z <b %
which implies b> .
IIl.© € [OE) and 0 € E, 1]. Similarity to case I, due to the symmetry of (K), it follows that b > g.

From [, II, and III, we conclude that T satisfy (K) with b € E,%).

Example 1.2. Let X =R, D = [0,1] with the usual metric d(8,1) =16 —n].
We define an operator T: [0,1] — [0,1] such that

1 1
T(6) = { e
1 o€ [31]
Then T is discontinuous Chatterjea operator.
Proof: Since Chatterjea condition(C) is
|76 — Tnl < c[l6 — Tnl + In — Tél], ©

for any 6,m € [0,1].
We have to discuss the following cases:
I. B0 e [0,%) orf,m € E,l] .
Then T(8) = T(n), the left-hand side of (C) becomes 0 and consequently (C) holds for any b € [0,%).
1 1
II. 6 € [0’5) and n € [5,1] .
Then T(0) = %, T(m) = % and (C) becomes
1 1 1
w=cllo=z+ -] (1.2)
As 0<6 <3 itfollowsthat —2<68-2<2 50 |01 efo}]
2 5 10 5 5

5
1 . 1 13 1 13
As JSN= 1, it follows that SSN—;=7 50 |n _Z| € [Z’Z]' 1
It follows that the minimum value of the right-hand side in (C) is %, so for (C) to hold it is necessary that % < i, which
implies ¢ > g
1 1
. nef03)and 0 €[3,1]: 1
Similarity to case 11, due to the symmetry of (C), it follows that ¢ > p
From [, II, and ITI, we conclude that T satisfy (C) with ¢ € i,%)
In 2001, Xu and Ori [7] introduced the implicit iteration procedure that follows for common fixed points inside a finite
family of nonexpansive mappings as follows as:
Let D be a nonempty closed, convex subset of a normed space X. Let {T;,i € J} be N nonexpansive self mapping of
D. Let 6, € D be an arbitrary point and 6,, © (0,1), then the sequence {6,,} generated in the compact form as follows:
0, =0,0,1+ 1 —0,)T,06, nEN, (1.3)
where T,, = T,, (mod N)(the mod N takes value in ] = {1,2,3,...,N}). They proved a weak convergence theorem using
this process.
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In 2004, Osilike [9] extended the results of Xu and Ori [7] from nonexpansive mapping to strictly pseudo contractive
mappings.
Inspired by the above facts, in 2006 Su and Li [8] introduced a new two-step implicit iteration process in Banach space as
follows:
Let D be a nonempty closed, convex subset of a real Banach space X. Let {T;,i € J} be N strictly pseudocontractive
self-maps of D. Let 8, € D be an arbitrary point and {c,},{t,} < (0,1), then the sequence {0,,} generated as follows:
{gn = ongn—l + (1 - Un)Tnnn'
(1.4)
Ny = Tpbp_1 + (1 —1,)T,,0,,n EN,
where T,, = T,,(mod N).
They proved a convergence theorem for a finite family of strictly pseudocontractive maps using this iteration.
Let D be a nonempty closed, convex subset of a CAT(0) space X. Let {T;,i € J} be N self- maps of D. Then iteration
(1.4) can be generated for a subset D of CAT(0) space X as follows:
6, €D,
On = Onép_q @ (1 -0 )Tl (1.5
M = Tno,_, o a- Tn)Tan' n €N,
where T,, = T,(mod N) and {o,},{t,} € (a,b), for some a,b € (0,1),a < b.
In 1972, Zamfirescu [12] proved the following important Theorem.

Theorem Z. Let (X,d) be a complete metric space and T: X — X be mapping for which there exist real numbers a, b,
and c satisfying0 < a<1, 0< b,c < % such that for any 6,1 € X, at least one of the following conditions holds:
Then T has a unique fixed point 8 and the Picard iteration {0,,};—, defined by
0,01 =T6,,n=012,..,
converges to 8 for any arbitrary but fixed 6, € X.
The conditions (Z;) — (Z3) (can be written in the following equivalent form
d(Te,0) +dm,Tn) d(6,Tn) +d(n,TO

d(re,Tn) < hmax{d(8, m), 2 - (n,Tn) 46, Tn) . .79,
forall 8,m € X and 0 < h < 1, has been obtained by Ciric [13] in 1974.
A mapping satisfying (QC) is called Ciric quasi-contraction. It is obvious that each of the conditions (Z;) — (Z3) implies
QO).

Definition : (MZ- condition) Let (X,d) bea CAT(0) space and D be the subset of X. Amapping T:D — D is said
to satisfy the MZ condition if there exists 0 < h < 1, such that
d(r8,0)+d(n,Tn) d(6,Tn)+d(n,T6)

d(Te,Tn) < ad(6,m) + (1 — a) max{d(6,n), > , > 1
forall 6,n € D.

(9]

Lemma 1.1. [1] Let X be a CAT(0) space.
(a) Let ©,n € X, for each t € [0,1], there exists a unique point € [8,1] such that [5]
d(6,9) = td(6,m), d(n,9) = (1 — )d(®,n); (1.6)
We use the notation (1 — t)0 @ tn for unique point  satisfying (2.1).
(b) Forall t € [0,1], and 6,n,{ € X such that [5]

d((1-08@®)m,g) < (1 —)d(®,) + td(n, ; (1.7)
(c) Forall t € [0,1], and 0,1, { € X such that [5]
d? (((1 -0 @)m, «Z) < (1-1)d*(8,0 +td*(n, ) — t(1 — t)d*(8, ). (1.8)

Main results:

In this section, we establish strong convergence results of an implicit iterative process (1.5) to approximate a common
fixed point for a finite family of mappings satisfying the MZ-condition in the CAT(0) spaces. For this, first, we prove a
Lemma.

Lemma 2.1. Let D be a nonempty closed and convex subset of a complete CAT(0) space X . Let{T;: D —» D}(j € ]) be
N operators with F =N, F(T;) # @ (Fdenotes the set of common fixed points of {T;,T5,3, ..., Ty}) satisfying the

condition
(1,6, Tm) < ad(8,7) + (1 — @)ymax {d (6, n), L&+ a0Tm) O T)+dnT0) @.1)

2 2
vn=123,..,N; VOnM€ED and 0 <a<1. Letsequences0<a<o,Tt,<b<1,VneN and sequence {6,}

defined by the iteration scheme (1.5) then lim d(6,, p) exists forany p € F.
n—-oo

3137



J. Electrical Systems 20-11s (2024): 3135-3141

Proof: Let p € F =n_, F(T,). Since {T;:D - D}(j €]J) be N operators with F =n¥, F(T;) # @ satisfying the

condition (2.1), then if
d(T;6,8) + d(n, T;
d(T;6,Tm) <ad®n)+ (1 —a) < (T:6,0) - (n ﬂ'l))

= ad(8,n) + =2 (d(7,6,8) + d(n, Tm))
< ad(8,n) + 2 (d(7,6,6) + d(n, 8) + d(8, T;6) + d(T;6, T,),

this implies

(1 _a . a)> d(T;8,T;n) < ad(6,1) +

(1+a)

a- a) (2d(T;6,8) + d(n,8))

84D (1,6, T;n) < ad(8,m) + L2 “) (2d(T,8,0) + d(1,0))
&9 a(re, 1) < E2d(0,m) + (1 — 2)d(T}8,0)

(1+a)

this gives that
(- or)

d(T;8,Tm) < d(6, r])+2
VO,n€Dandforevery i €] ={123,..,N}.

Similarly, if
d(T,8,Tin) < ad(6,m) + (1 - )(d(e fl);d(n,Te))

< ad(8,n) + 2 (d(e T.0) + d(T;6,Tm) + d(n, 0) + d(6,T;6))

=ad(9n)+( (Zd(e T,0) + d(T;6,T,) + d(n,08))
_(a=1 1-0

5d(1;6,6), (2.2)

d(e, n)+(1 —a)d(6,T;0) + d(T;0,T;m),
this implles that
1-«a a—1
(1 L > )> d(T;6,Tm) < ( )d(ﬂ,n) + (1 - a)d(6,T;6)
B9 a(re, T) < < 1)d(e m + (1 — a)d(6,T;0),
this gives
d(T;6,Tn) < d(6, n)+2(1 “)d(Te 0), 2.3)
VvV O,n € D and forevery i € ] = {1,2,3, .. N}
Similarly, if
d(T;6,Tin) < ad(8,m) + (1 — a)d(8,n)
=d(6,n),
this gives
d(T;6,Tim) < d(6,n), 2.4

Vv O,n €D andforeveryi €] ={1,2,3,...,N}.
Now, since T;p =p, T,, = T,,(mod N) and the mod N takes the values in J , for 1 =0,, and 8 = p, the inequalities
(2.2), (2.3), and (2.4) gives that

d(T;8,,p) < d(8,,p). (2.5)
Again, with =1, and 8 =p in(2.2), (2.3) and (2.4), we get
d(Tn,p) < d(My, p)- (2.6)

Now, let {6,,} be the implicit iteration process defined by (1.5) and 6, € D be an arbitrary.
Then
d(en' P) < d(cnen—l @ (1 - O-n)TnnnJ P)
< Gnd(en—li P) + (1 - Gn)d(Tnnn'p)

=< Gnd(en—li P) + (1 - Gn)d(nn' P)

= Gnd(en—li P) + (1 - Gn)d(rnen—l @ (1 - Tn)Tnen'p)

< Gnd(en—li P) + (1 - Gn)Tnd(en—l' P) + (1 - Gn)(l - Tn)d(Tnen'p)

< [Gn + (1 - Gn)‘[n]d(en—li P) + (1 - Gn)(l - Tn)d(en' p):

this implies
(Gn + (1 Gn)Tn)

d(e,,p) <
" (1-(1-0,)0-1,)
(Gn+(1 Gn)Tn)
- (O'n"'(l_o'n)'fn) (en 1’p)
this gives

d(6,-1,p)

d(8,,p) <d(6,_,p), n€N. (2.7)
This implies that the sequence {d(8,,p)} is non-increasing and bounded, hence it is convergent.
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Theorem 2.2. Let D be a nonempty closed and convex subset of a complete CAT(0) space X . Let {T;:D — D}(j € ])
be N operators with F =N, F(T;) # @ (Fdenotes the set of common fixed points of {T}, T, 3, ..., Ty}) satisfying the
condition

d(T;0,0) +d(n,T; d,T;n) +d(n, T;0
(T,0,T) < ad(@1) + (1 — aymax (d(6,n), (T;0,0) ! (n ln)' (0,Tin) : (. T; )}
vn=123,..,N;VvOneED and 0 <a < 1. Letsequences 0 <a<o,,Tt,<b<1VneN and sequence {6,}
defined by the iteration scheme (1.5), then lim d(T86,,0,,) exists.

n—-oo

Proof: Let p € F, then we have already proved that lim d(6,,p) exists in Lemma 2.1. Assume that
n—oo
lim d(6,,p) =h h=>0. (2.8)
n—oo

Now, using (1.5), (2.5), and Lemma 1.2(c), we have
da? Mnyp) = d? (161 © (1 — 1,)T,,0,,, )
< 1,d%(0,_,,p) + (1 —1,)d*(T,0,,p) — 1,,(1 — 1,)d?(0,_, T, 0,,)
< 1,d%(0,_,,p) + (1 —1,)d?(0,,p) — 1,(1 — 1,,)d?(0,,_1, T,0,)
< 1,d%(0,_,,p) + (1 —1,)d?*(0,_1,p) — 1,(1 — 1,)d?(0,,_1, T,0,)
= d? (en—lﬂ p) —Tn (1 - Tn)dz (en—l' Tnen);
this gives
dz (nn' p) < d2 (en—l' p) —Tn (1 - Tn)dz (en—l' Tnen)' (29)
Using (1.5), (2.6), (2.9), and Lemma 1.2 (c), we have
d?(0y,p) = d*(0,6n_1 ® (1 — 0,)T, Ny, P)
= 0-nd2 (en—li p)+1- o-n)dz(Tnnn: p) — Gn(l - Gn)dz(en—l'Tnnn)
= 0-nd2 (en—li p)+@1- Gn)dz(ﬂn;l)) - Tn(l - Gn)dz(en—l'Tnnn)
= 0-nd2 (en—li p)+@1- O-n)(dz(en—li p) — Tn(l - Tn)dz(en—l'Tnen))
= 0-ndz (en—lip) + (1 - Gn)dz(en—D p) - (1 - 0n)"--n(l - Tn)dz(en—l'Tnen)
=d? (en—li P) -Q- 0-n)Tn(l - Tn)dz(en—l'Tnen)5
this implies
2 (On-1,Tn02) < ooy (42001, P) — 2O D)),
this gives

28,1, Tn8n) < 55 [d2(8,1,P) — d2(6,, )] (2.10)

Since lim d(6, p) = h, then equation (2.10), gives that
n—oo
lim d? (8,_,,T,0,) = 0,
n—-oo

this implies
lim d (0,_,,T,0,) =0,
n—-oo
Therefore
lim d (6, T,6,) = 0. 2.11)
n—-oco
Definition 2.1. Let D be a nonempty subset ofa CAT(0) space (X, d). Thena mapping T:D — D satisfy condition
() , if there exists a non-decreasing function &:[0,00) — [0,00) such that §(0) =0,&(t) =0, Vt € (0,00) and

d(e,Te) > E(d(G,F(T))), V 0 € D, where d(B,F(T)) = peip(fT) d(0,p), p € F(T) = set of fixed points of T .

Theorem 2.3. Let D be a nonempty closed and convex subset of a complete CAT(0) space X . Let {T;:D —» D}(j € ])
be N operators with F =N, F(T;) # @ (Fdenotes the set of common fixed points of {T},T5, 3, ..., Ty}) satisfying the

condition
d(T;6,0) +dn,T;n) d6,T;n) +d»n, T;0
(TO.T) < ad(@m) + (1 — aymax (d(6,n), (T;0,0) ! (o ln)’ 0,T;n) ! (. T; )}
vn=123,..,N; VOneD and 0 <a<1. Letsequences 0 <a<o,T,<bhb<1,VneN and sequence {6,}
defined by the iteration scheme (1.5). If T;,i = 1,2, ..., N are satisfying condition (I), then the sequence {6,,} is strongly
converges to a point p € F .

Proof: From Lemma 2.1, we have lij{}o d(0,,p) existsforall p €F.
Suppose lim d(0,,p) = h, for sgme h=0.
Since o
d(®p41,p) <d(6,,p),V NEF,
taking zl)lglf" in both sides of the above inequality, we have
inf d(Ops1, p) < inf d(6,p),

yields the inequality
d(8,,,,F) < d(8,,F).
This implies that {d(6,,, F)} is non-decreasing and bounded, hence lim d(6,,F) exists.
n-—-oo
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ssSince {T,,,n € J} satisfies the condition (), then
lim £(d(8,,F)) < lim d(8,,T,6,) (2.12)
n—-o n—-»oo
Also from Theorem 2.2, we have
lim d(6,,T,6,) = 0.
n—oo
So, inequality (2.12) gives
lim £(d(6,,F)) = 0. (2.13)
n—-oo
Since the mapping &:[0,00) — [0, 0) is non-decreasing with £(0) = 0,€(t) =0,V t € (0, x0).
Now from (2.13), we have
lim d (8,,,F) = 0.
n—-oo
Next, we prove that the sequence {0,} is a Cauchy sequence in D. Since lim d (8,,, F) = 0, so for any given € >
n-—-oo
0, there 3 n, € N such that
€

d(e,,F) < e vn=n,.

In particular,
€

inf{d(0,,,5):s € F} < 7

So, there must be g € F such that
€
d(ene, CI) < E

Now, for any n,m = n,., we have

d(0y4m, 67) < d(0p4m,q) +d(0,,9)
< 2d(en€, q)
< 2; =c.
Thus sequence {6,} is a Cauchy sequence in D. Since D is closed in (X,d) , hence D is complete and hence {60,,}
must converge to the point p € D. Since lim d(6,,F) = d(p,F) =0 this implies that p € F thatis {0,,} converges
n-oo

strongly to common fixed points of Ty, T3, T3, ..., Ty-

Corollary 2.1. Let D be a nonempty closed and convex subset of a complete CAT(0) space X . Let {T;:D — D}(j € ])
be N operators with F =N, F(T;) # @ (Fdenotes the set of common fixed points of {T}, T, 3, ..., Ty}) satisfying the
condition

5 )

d(T;6,Tm) < ad(®,1n) + (1 — a)

vn=123,.,N;VOn€eED and 0 < a < 1.
Let sequences 0 <a <0,,1,<b<1,VneN and sequence {0,} defined by the iteration scheme (1.5). If T;,i =
1,2,...,N are satisfying condition (I), then the sequence {0,,} is strongly converges to a point p € F .

Corollary 2.2. Let D be a nonempty closed and convex subset of a complete CAT(0) space X . Let {T;:D —» D}(j € ])
be N operators with F =N, F(T;) # @ (Fdenotes the set of common fixed points of {T;,T,,3, ..., Ty}) satisfying the
condition

d(6,Tim) +d(n,7;6)

d(TieJ Tln) < ad(el n) + (1 - (x) 2 )

vn=123,..,N;VOneED and 0 < a < 1.
Let sequences 0 < a <0,,1, <b<1,VneN and sequence {0,} defined by the iteration scheme (1.5). If T;,i =
1,2, ..., N are satisfying condition (I), then the sequence {0,,} is strongly converges to a point p € F .
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