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Abstract: - This paper presents atransient analysis of a finite capacity queueing system with feedback, catastrophes and state-
dependent environmental change parameter. The Poisson rate at which the system moves from environmental changing state F to
E increases or decreases as the number of customers in the queue. Also, at some random times, the number of customers
is immediately reset to zero whenever a catastrophe occurs at the system. Transient solution is obtained by using the technique of
probability generating function. The Steady state solution of the model is obtained by using the property of Laplace transform. Further
we discussed several particular cases of the queueing modelwith and without feedback and catastrophes.
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1. INTRODUCTION:

Analytical results for the transient behavior of a queueing models are not as prevalent as those for
steady-state conditions. Steady-state measures fail to provide insights into the system's transient
behavior, which is crucial for understanding its dynamics over finite periods. Among various methods
available, the probability generating function technique is particularly effective for deriving transient
solutions. However, even for a simple M/M/1/N queue, obtaining analytical expressions for transient
behavior proves to be quite challenging. In this context, we have successfully derived the transient
solution for a finite capacity queueing system characterized by a state-dependent environmental
change parameter along with the feedback and catastrophic effects.

Feedback in queueing literature represents customer dissatisfaction because of inappropriate quality
of service. In case of feedback, after getting partial or incomplete service, customer retries for service.
This usually happens because of non-satisfactory quality of service. Also,in queueing systems
numerous authors have introduced the concept of catastrophes. In particular, birth and death models
have been extended to include the assumption that the number of customers is instantly reset to zero
at certain random times. These catastrophes occur at the service facility as a Poisson process with a
specified rate&. When a catastrophe happens, all customers present are immediately removed, the
server is temporarily inactivated, and it becomes available for service only when a new customer
arrives in the system.

The queueing system with catastrophes was first examined by Krishna Kumar and Arivudainambi[9]
in 2000, followed by Crescenzo et al.[5] in 2003, who derived the transient probabilities for the
M/M/1 queueing model with catastrophes. Jain and Kanethia [8] explored the transient analysis of a
queueing model with state dependent environmental change parameter and catastrophes.Kumar,
D.[11] furtherexplores a queueing system that incorporates catastrophes, state-dependent input
parameters, and environmental changes to assess their impact on the system behavior.Takacs [15], in
his interesting paper has introduced a queue with feedback. Sharma and Kumar [12] considered a
Markovian feedback queue with retention of reneged customers in which the inter-arrival and service
times follow exponential distribution.

In this paper, we introduce an additional factor of environmental change, whereby the changes in the
environment influence the state of the queueing system. Specifically, the state of the queueing system
is a function of these environmental change factors. When the environment shifts, the system
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transitions from environmental state E to state F at a certain rate B, while it moves from state F to
state E at a rate ofbn.

The primary objective of this paper is to develop a finite capacity queueing system that incorporates
the effects of feedback, catastrophes and a state-dependent environmental change parameter. In
Section 2, we outline the assumptions and definitions related to the model. Section 3 provides a
detailed analysis of the queueing model, while specific cases are explored in Section 4. Finally, the
steady-state results are mentioned in sections 5 and 6 along with the application of the model.

2. ASSUMPTIONS AND DEFINITIONS OF THE MODEL:

a) The customers arrive in the system one by one in accordance with a Poisson process at a
single service station. The arrival pattern is non-homogeneous i.e., there may exists two arrival rates,
namely A, and 0 of which only one is operative at any instant.

b) The customers are served one by one at the single service channel. The service time is
exponentially distributed. Further, corresponding to arrival rate A, the Poisson service rate is p, and

the service rate corresponding to the arrival rate O is n,. The state of the system when operating with
arrival rate A, and service rate u, is designated as E whereas the other with arrival rate 0 and service
rate u, is designated as F.

c) In state E after obtaininga service, an unsatisfied customer may rejoin the queue for receiving
another service with probability 1-p (=q), referred to as “feedback”or they can choose to leave the
system permanently with probability p, p+q=1. There is no feedback in state F of the system.

d) The Poisson rate at which the system goes from environmental state E to F is denoted by .
Also the Poisson rate b , at which the system moves from environmental state F to E tends to increase
or decrease according as the numbers in the queue (say n) increase or decrease from some fixed
number (say N). We therefore define,

b, —afl+&(n—N)] withn > N—2
€

and 0 < N—ESnSM
€

Where M denotes the size of the waiting space and ¢ is a positive number such that &= ﬁ This

restriction on M is necessary to avoid a negative value of bn. When n=N or & =0, bn gives the normal
rate as a.

e) When the system is not empty, catastrophes occur according to a Poisson process with rate &.
The effect of each catastrophe is to make the queue instantly empty. Simultaneously, the system
becomes ready to accept the new customers.

f) The queue discipline is first-come-first-served.

9) The capacity of the queueing system is restricted to M. i.e., if at any instant there are M units
in the queue then the units arriving at that instant will not be permitted to join the queue and will be
considered lost for the system.

Define,

P, (t) = Joint probability that at time t the system is in state E and n units are
in the queue, including the one in service.

Q, (t) =Joint probability that at time t the system is in state F and nunits are in the queue,
including the one in service.
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R, (t)= The probability that at time t there are n units in the queue,including the one in service.
Obviously,
R.() =P (1) +Q,(t)

Let us measure time t from an instant when there are zero customers in the queue and the system is in
the environmental state E so that the initial conditions associated with P_(t) and Q_(t) becomes,

1 : n=0
P (0) = i
" 0 X otherwise
Q,(0)=0; foralln.

3. FORMULATION OF THE QUEUEING MODEL AND TRANSIENT ANALYSIS:

The differential-difference equations governing the system are.

%Po(t): —(A +B+E)P,(t)+pP,(t)+ bOQO(t)+§nZ'\j;Pn (t);n=0 (1)
P (1)~ 1P+ B+ 2P 0+ 1PPa (0474 P (0+D,Q,(0) 0<n <M 2
P (1)= (1 +B+)Pu 1)+, Pa 1+ by Q1) 5= M ®
QU=+ Q)+ 1 Q)+ R0+ £ 3.0, )0 =0 @
%Qn(t)= —(u, +b, +£)Q,(t)+1,Q,.,(t)+pP,(t);0<n <M (5)
CQult)= s +by +2)QuD+ PRy 1= n ©)

Define, the Laplace Transform as

L.T. [f ()] = Te‘“ f(t)dt =f(s) @)

0
Now, taking the Laplace transforms of equations (1)—(6) and using the initial conditions, we get
RS IORRWLORACIONS 310 ®
(s+ A +pyp+P+E)P,(s)=p,pP, ., ()+1, P, ,(s)+b, Q,(t) )
(s+pyp+B+8)Py (8)=A; Pyys(5)+byy Qu(s) (10)
(b, + DR 6)1, Q6+ PRS2 20, ) i
(s+p, +b, +&)Q,(s)=1,Q,.,(s)+BP,(s) (12)
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(S +H, +by + E.:)QM (S):BﬁM (S) (13)
Define, the probability generating functions
M p—
P(z,s)=» P, (s)z" (14)
n=0
M
Q(z,5)=) Qn(s)z" (15)
n=0
M p—
R(z:s)=Y Rp(s)z" (16)
n=0

where

I_{n (S) = Fn (s)"' Qn (S)

Multiplying equations (8)—(10) by the suitable powers of z, summing over all n and using equations
(14)—(16), we have.

aez’Q'(z5)+a(l-eN)zQ(zs)+[h, 22— z{s+ 1, +pp+E+B }+p]P(z )
3, 2 (2-1)B, (6) + pll-2)P iﬁ an
similarly, from equations (11)—(13) and using (14)—(16), we have
0e22Q (2.5)+ [z +1p + £+ all—eN) -1, JQ(25) - 2P(2.9)

=1,(2-1)Qy(s +&ZZQ (18)
Eliminating P(z,s) from equations (17) and (18), we have

’zs+n1—(z) Z,S)=
Qzs) nz(Z)Q(’) n

21(2){21 +2,Qy(8)+ Z;Py(5)+ 2, Py () + zg,; P.(s)+2, nﬁ;Qn (s)} (19)
where
n,(z)= [alez3 +oB(l—eN)—a,a, }z° + (ap+a,u, )z Mlpug]
n,(z)=aez? [\2% +1p -2,z |
2, =Bz
2, =1,(z-D 2% —a,z+pp]
z, = Bu,pz(1-2)
=B, z"?(z-1)
2, = -pez’

z, =&z [klz2 —a,z+ plp]
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a, :[S"'lvllp"'}”l""g]
a,=[s+p, +&+all—eN)|
s =[S+7‘1+H1p+ﬁ+§]
In equation (19), the co-efficient of Q(z,s) can be re-written as

m(Z) =ﬁ+ B, +C{ 2Mz -3, }_}_ D, (20)
M

nGz) z 22 2| AZP-az+pp| XE(2)-al

where

a
A =—2+A
oe

A= mpa, —a,as

%Mlzp
1 B
B, = [ap(l—eN)-a,a, +aa,|— +—
Moe  oe
B=_ s
P
C= xl(alaS - Hlpazl)
agg,p
D, =D+ %
1
1 A a
D:al(u1pa4_ala5) +—

plpoe ppae

a
X(@2)=| 2t ——L
(2) { ) 2}%]/2}

2 Y2
4,

a, = asll, +%[aﬁ(l_8N)_a2a3 +a.a,
1

a5 = %p [OLB (1_ SN)_ a,a; + ala2]+ 1P,

1

Using equation (20) in equation (19) and integrating (19) w. r. t. z, we have

L2} L @0 6+ L @R )+ LRl LD P (6)+ L2 Q)

Qlz,5)= ]

21
T (21)
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where

D,/ 2a
| X(z)—a B
L(z)=z~ (A 22 —az+up) > .ex (——1j
( ) (1 1 l~l1p) X(2)+a p .

VA
Z.
L(z)=|—L(z)dz; j=1,2,34,56.
0 nz(z)
Again eliminating Q’(z,s) from equations (17) and (18), and using Q(z,s) from equation (21), we
have

L, (2)+ Qy (5)Ls(2)+ Py(s)Lo(2)+ Py (s)Lyo (2) + iﬁn Sy (2)+ i@ (S)y ()
P(z,5)= n=0 n=0 (22)

g (2)=(s+&)z+u,(2-1)

B(z)= 42" + wp-ayz

Adding equations (21) and (22), we have

Cu(2)+ CLeJQ5) Py 5)+ C, 2Ry 6)+ CD P (5)+ Co @Y., (9)
B(z)L(2)

R(z,s)= (23)

where

C.(2=B@)L,(2)+L,(2); i=1,2,3,4,5,6.
M
Since, ZRn (t)=1
n=0
Therefore,
M_ 1
R(Ls)= Y Rp(s)-
S
n=0
Thus equation (23) for z=1, gives

R(Ls)=2=limR(zs) (24)

S z-—l
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Also
P(0,s)=Py(s)= lin%) P(z,s) (25)
and Q(0,5)=Qq(s)= lir% Q(z,s) (26)

The equations (24), (25) and (26) on solution gives the values of

M M
50(5), 60(3), 5M(s),25n(s) andZén(s)-Let them be P, Q_, PM’iPn andiQn respectively then
n=0 n=0 n=0

n=0 =
from relation (24), we have

CL(2)+C, (2)Qy + Cy(2)Py + Cal2)Py + Co(@D P, + C.(DDQ,

B(z) L(z)

The Laplace transform of various state probabilities for the number of customers in the queue,
including the one in service can be obtained as the coefficients of different powers of z in the
binomial expansion of equation (27).

R(z,5)= (27)

Again, since
P(1,s)=Laplace transform of the probability that thesystemisinenvironmental state E.
and

Q(1,s)=Laplace transform of theprobability that thesystem is in environmental state F.

We have from equations (21) and (22) on setting z=1 and Py(s) = Py Qo(s) =Q, Pum(s) =P

Y. P(s)=2 P, and > Q,(5)=>.Q,
n=0 n=0 n=0 n=0

M!

L,(1)+L,[1)Q, + L, )P, +L,@)P, + L5(1)i P+ |_6(1)§;Qn
P(L,s)= 0 n=0 n=0 (28)
L, 1)+ L, (00, + LR, + Ly @R, + Ly P, + L, (1)3°Q,

B(1)L(1)

QlL,s)= (29)

These on inversions give the respective probabilities for the system to be in the environmental states
E and F.

4. PARTICULAR CASE:

Setting £ =0 or n=N in equations (17) and (18), (i.e., when the rate of change of environmental state F
to E is constant), we have

X, (2)P(z,8)+ X4 (2)Q(z,8)+X5(z) =0 (30)
X4 (Z)P(z,s)+ X5 (Z)Q(z,s)+ Xg (z) =0 (31)
where

X,(2)==|t 2%~ 2 (s+ 4 + sp+ B+ &)+ ]

Xq (z)= —az
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X,(2)= [ﬂlp(z ~1) P (s)+ 42" (1-2)R, (s)+z+&2 i }

X4 (z)=pz
Xs (Z):[”z - Z(S TH, O+ &)]

X6(2)=[M2(Z—1)60 (S)+i2§‘,5n(8)}

n=0

From equations (30) and (31), we have

Pl K2 ) (550 -

X, ()X (0)— X5 ()X, 2]
X, (2)Xs (2)- X, (2)Xe 2
Q)X X 0)—Xs (0)Xs ) 9

2[Xs(2)- X, (2) ]+ £2 3 Ble) [(0)- X, o) y
R(zs)= 222+ X, (2)+(1-2) X, (2)-22 (@ + B+ &) (34

where
X, (2)27“123_22 (7\1+1~L1p+“2 +0‘+B+2&4)+Z(P~1p+“2)

Xq (Z):_Zz M ((1+1,L2 +§)+Z [aulp+ll2 (7"1 +Hlp+B+§)]_“~1pH2 .

Relation (34) is a polynomial in z and holds for all values of z, including the three zeros of the
denominator. Hence Py(S), Qq(s) and Py,(s)are obtained by setting the numerator equal to zero
and substituting the three zeros, a,, a, and o, (say) of the denominator (at each of which the

numerator must vanish).
Case 1: Leto—o, B—>0 and setting p,=p,=p (say) in relation (34), we have

r(z,s)= (1-z)uR,(s)-(@-2)r 2" P, (s)-z—&2ls
| MZP—z(s+ M +p+E)+p

(35)
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where
Ro(s)=Po(s)+ Qo (s)
r(z,s)=lim[lim R(z,s) |

B—0 f—o

Relation (35) is a polynomial in z and exists for all values of z, including the two zeros of the

denominator. Hence, Rg(s) and Py, (s) can be evaluated as before. Case 2: In relation (34), if p=1,

i.e. when there are no feedback customers. The model reduces to one which is studied by Jain and

Kanethia [8].
5. STEADY STATE RESULTS:

This can be obtained by the well-known property of the Laplace transform given below:

limf(t) =lim s f(s),lf the limit on the left hand side exists.

t—ow s—0

M
Thus if R(z)=) R, z"
n=0

where,
R, =lim sR,(s)
s—0
Then R(z)=1lim s R (z,s)
s—0

By employing this property, from equation (23)we have

Qo Ny(z)+ N, (2)P, + N, (z)P,, + NAz)iPn - Ns(z)iQn +N

k@) B NG

where,
N;(2)-B, ()L y(2) Ly () 234,

Bl(z) = B(Z)| 5=0

L, (z)=j[ Z")L(z)} dz ;j=2,3 4,56

(36)

Li(2)=L2)], k=89 10,11, 12

N@)=L(2)] o

N' = the constant of integration.

M M
The unknown quantities Q_, P, P, , ZPn and ZQH can be evaluated as before.
n=0 n=0

Particular case:

Relation (34), on applying the theory of Laplace transforms gives
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uz(l—Z){aZ+Z(7ul+u1p+ﬁ+§)—llzz—plp} Qo+
ulp(l—Z)[BZ—{uz -z (!vlz ‘HI‘HVS) } ]Po +2, 2" (1_2){“2 -z (Hz -I—(x—HV;)—BZ} Py +
R(Z):§Z/(a+ﬁ+é)[ﬁ{hzz—2(7»1+u1p+a+l3+é)+u1p}+(a+é){uz—Z(uz+a+B+§)}]
Z3X1(u2+(x+§)—22[Xl(uz+a+§)+{au1p+u2(7u1+u1p+[5+§)}+<:((1+[3+§)]
+Z[{a“1p+uz ()‘1+“1p+B+§)}+u1pH2]_Mpuz

(37)
or, we can write

T(2)Qp + N(z)Py + L(2)Py +M(2)

R(z)= K@)

(38)

Where T(z), N(z) and L(z) are the co-efficient of Q , P, and P, respectively in the numerator of
equation (37) and K(z) is the denominator of equation (37).

Equation (38) is a polynomial in z and holds for all values of z, including three zeros of the
denominator. Hence Q, P, and P, can be obtained by setting the numerator equal to zero.

Substituting the three zeros b , b, and b, (say) of the denominator (at each of which the numerator
must vanish).

Three equations determining the constants Q, P, and P, are

T(by)Qq + N(by)Py +L(by)Py =—M(b,) (39)
T(b2)Qg +N(by)Py +L(by)Py =-M(b,) (40)
T(b3)Qg + N(b3)Py +L(b3)Py =-M (b3) (41)

After solving these equations, we have

_=M(by)Aq; +M(by)Az —M(b3)As

Qo A
b M(b1)As, —M(bz)Az +M(b3)As
0 A
p .~M (by)As3 +M(by) A —M(bg)Asg;
v =
A
where

T(by) N(by) L(by)
A=|T(by) N(by) L(by)
T(b3) N(bs) L(bs)
Aij is the co-factor of the (i, j)th element of A.
By putting the values of Q, P, and P, in equation (38), we have
T(Z)[— M (bl)All + M(bZ)AZl - M(bs)A31]+ N(Z)[M(bl)Alz - M(bz)Azz + M(b3)A32]

R(z)=" L(z)[- M(b,)A; + M(b,)A,, = M(b,)A,]+A-M(z)
A K(z)

(42)
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Mean Queue Length:
Define,

Lq:Expected number of customers in the queue including theone in service.

!
ThenL = R'(z)],_,
Therefore, from equation (42), we have

KO- Mlb,)Ay, +Mb, A, —M(b;)As )+ ND) M(b, A, —M(b, A, +M(by A,

+ L,(l) {_ M(bl)A13 + M(bz)Azs - M(b ) 33}+A M (1)] [T(l){ ( )All + M(bZ)AZl
- M(b3)A31}+ N(l){M(bl)AlZ - M(bz)Azz + M( ) 32}‘" L(l){ M( )A13 + M(bz)A23
L =— M(bs)Ass} +A- M(l)] Kl(l) (43)
q A-[KQF

where dashes denotes the first derivative with respect to z.

Now, Relation (35) on applying the theory of Laplace transforms gives

7)= (1-2)uRy —(1-2)%, 2" Py, —&2
Mz2—zZ(h +p+E)+p

r(z

(44)

where

r(z) :Sliinos r(z,s)

Equation (44) is a polynomial in z and holds for all values of z, including the two zeros of the
denominator. Therefore, R and P, can be found by setting the numerator equal to zero. Substituting

the two zerosa, and a, (say) of the denominator (at each of which the numerator must also vanish).
If £=0and p=1(i.e. catastrophe and feedback arenot allowed in the system):

From equation (35), on applying the theory of Laplace transforms gives

r(z): l’lRO —7\,1 ZMJrl PM

(45)
n—~,z
The condition, lim r (z)=1 gives
z—1
URy—A Py =p—2, (46)

As r(z) is analytic, the numerator and denominator of equation (45) must vanish simultaneously for z=
u/A1, which is a zero of its denominator. Equating the numerator of equation (45) to zero for z= p/As
we have

Ro=p MPy, p=2/p<1 (47)
Relation (46) and (47) gives
r_lop 5 _(-ph"

0 1_pM+l ! M 1_pM+l

Now, from equation (45), we have
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_1-p 1-(p 2)""
r(z)_l_pwI+1 : { 1z (48)

which is a well-known result of the M/M/1 queue with finite waiting space M.

When there is an infinite waiting space, the corresponding expression for r(z) is obtained by letting M
tends to infinity in equation (48), If (p,|z]) <1.

r(2)= P
1-pz

(49)

which is again a well-known result of M/M/1 queue with infinite waiting space.
Steady-state probabilities of the M/M/1 Queue with Catastrophes:

Kumar and Arivudainambi [9] explores an M/M/1 queueing model that incorporates the effects of
catastrophes, which are sudden events causing the queue to drop to zero i.e., all customers in the
system are removed and reset to zero at once. This approach is useful for modeling systems that may
experience random, complete resets, such as in certain network or service systems where failures can
clear out all ongoing tasks.

When a catastrophe occurs at the service facility with rate &, the steady-state distribution {p,; n > 0}
of the M/M/1 queue with catastrophes corresponds to

Ppo=(1-p); n=0 (50)
pn=0-p)p"; n=1,2,3,...... (51)
where

0 ::(A+u+E)—JAZ+u2+EZ+ZAE+2uE—ZAp (52)

2

Thus equations (50)-(52) provide the steady- state distribution for the queueing system. Obviously,
the steady state distribution exists if and only if p < 1. It is also observed that the results of equations
(50)-(52) agree with the model discussed above and with Chao, X [3].

6. CONCLUSION AND APPLICATION OF THE MODEL:

In this paper, we established a queueing model and obtained the transient solution of a limited
capacity queueing system with feedback, catastrophes and state-dependent environmental change
parameter. Further, we have derived the steady state result and the mean queue length of the model. In
particular, queues with feedback, catastrophes and environmental changing states occur in industries
of production systems subject to rework, computer networks, telecommunication systems, banking
sectors, hospital management, etc.
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